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Introduction
Toward greater focus and coherence

The composite standards [of Hong Kong, Korea and Singapore] have a number of features that ca
international benchmarkingoptbeesgsvielopmed aidthematics standards in the US. First, the
composite standards concentrate the early learning of mathematics on the number, measurement,
strands with less emphasis on data analysis and little expdsuge Komdgstaraddrde for grades

163 devote approximately half the targeted time to numbers and almost all the time remaining to ge«
measurement.

Ginsburg, Leinwand and Decker, 2009

Mathematics experiences in early childhood settirags shdd)dneonber (which includes whole

number, operations, and relations) and (2) geometry, spatial relations, and measurement, with more
learning time devoted to number than to other topics. The mathematical proegas goals should be inte
these content areas. Children should understand the concepts and learn the skills exemplified in the
learning paths described in.this report

National Research Council, 2009

In general, the US textbooks do a much worse jolettexilibekSingalaoifying the mathematical
concepts that students must learn. Because the mathematics concepts in these textbooks are oftel
presentation becomes more mechanical than is ideal. We looked attitzatitidrzalitional and non
texbooks used in the US and found this conceptual weakness in both.

Ginsburg et al., 2005

Notable in the research base for these standards are conclusions from TIMSS and
studies of higlerforming countries that the traditional US mathematies) cucrstu
become substantially more coherent and more focused in order to improve stud
achievement in mathematics. To deliver on the promise of common standards, the stan
must address the problem of a. @uThecdrf i
Common Core State Standards for Mathematics are a substantial answer to this challer
't i s important to recogni fbboessthridads. o0f e
Achieingo f e we r \gotllch e ceasy ® Biasimplyreseting to broad, general
statementBisteadhe draft Common Core State Standards for Mathematics aim for clarit
and specificity.
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Assessing the coherence of a set of standards is more difficult than assessing their
William Schmidt and Richarcairtp2002) have said that content standards and curricula
are coherent if they are:

articulated over time as a sequence of topics and performances that are logical and reflect, wher
the sequential or hierarchical nature of theutisoiplinarynhich the subject matter derives. That is,
what and how students are taught shotldntgfibhet topitsat fall within a certain academic
disciplinbut also the key iddad determine how knowledge is organized and tpaterated within
di scipline. This implies that o0to be cohereil
meaning and operations of whole numbers, including simple math facts and routine computationz
associated with whole maumchifesstions) to deeper structures inherent in the discipline. This deej
structure then serves as a means for connecting the particulars (such as an understanding of the r
system and its propentigdlasis added)

The draft Common €@&tate Standards for Mathematics endeavor to follow such a
design, not only by stressing conceptual understanding of the key ideas, but also by
continually returning to organizing principles such as place value or the laws of arithmet
structure thos#eas.

The standards in this draft document define what students should understand and be
to do. Asking a student to understand something means asking a teacher to assess whi
the student has understood it. But what does mathematical und&riska?didge
hallmark of mathematical understanding is the ability to justify, in a way appropriate to t
student 6 s ma wineparactlar mahlemaircal statemiertt ig true or where a
mathematical rule comes from. There is a woel@nteiffetween the student who can
summon a mnemoni c devi ce s uae bx+aysandaF Ol L 6
student who can explain where that mnemonic comes from. Teachers often observe thi:
difference firsthand, even if-tan@e asseents in the year 2010 often do not. The
student who can explain the rule understands the mathematics, and may have a better
chance to succeed at a less familiar task such aa-expaggwigy). Mathematical
understanding and procedural s&djualey important, and both are assessable using
mathematical tasks of sufficient richness.

The draft Common Core State Standards for Mathematics begin on the next page witl
eight Standards for Mathematical Practice. These are not a list athinopiciydduna
rather a list of ways in which developingmtackdianers of mathematics increasingly
ought to engage with those topics as they grow in mathematical maturity and expertise
throughout the elementary, middle and high school years.

Gréeful acknowledgment is here made to Dr. Cathy Kessel for editing the draft standards.
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Mathematics | Standards for Mathematical Practice

Proficient students of all ages expect mathematics to make sense. They take an active stance in solving
mathematicaroblems. When faced with @«oudime problem, they have the courage to plunge in and try
something, and they have the procedural and conceptoatita®d heg are experimenters and
inventors, and can adapt known strategies to new peptemg. strategically.

The practices described tm®wncouraged in apprenticepdry mathematical thinkers. Students
who engage in these pradtidegdually and with their classrdegesver ideas and gain insights that
spur them to pursuathematics beyond the classroom walls. They learn that effort counts in mathematical
achievement. Encouraging these practices in students of all ages should be as much a goal of the mathematics
curriculum dle lealingofspecific content.

1 Make sense of problems and persevere in solving them.

Mathematically proficient students start by explaining to themselves the meaning of a problem and lookitgy for entry points
solution. Thegnalyzgivens, constraints, relationstmggoals. They make conjectures aboutdhd fosaning of the

solutiorand plan a solution pathway rather than simply jumping into a solution attempt. They consider aaradbgous problems,
try special cas@ssimpler formg the original problem in order to gain insight into its Tbeytimmitor and evaluate

their progress and change course if necessary. Older students might, depending on the contextsbbtie problem, t

algebraic expressions or change the viewing window on their graphing calculator to get the information they need.
Mahematically proficient students can explain correspondences between equations, verbal descriptions, tables, and graph:
draw diagrams of important features and relationships, graph data, and search for regularity or trends. Younger students ir
rely o using concrete objects or pictures to help concepsahligemntlem. Mathematically proficient sihtkrks

their answers to problems using a different method, an
understanddtapproaches of others to solving complex problems and identify correspondiéfiecestimivoaeches.

2 Reason abstractly and quantitatively.

Mathematically proficient students make sense of the quantities and their relationships in problem itgatiens. Students b
complementary abilities to bear on problems involving quantitative relationshipte¢batekili#lite abstract a given

situation and represent it symbolically and manipulate the representing symbols as if they haveithlifigt of their ow
necessarily attending to their refer@mdsthe ability tontextuajiee pause as needed during the manipulation process in

order to probe into the referents for the symbols involved. Quantitative reasoning entails habit®of creating a cohe
representatiarfi the problem at hand; considering the units involved; attending to the meaning of quantities, not just how to
compute them; akribwingand flexibly using different presesfbperations and objects

3 Construct viable arguments and critique the reasoning of others.

Mathematically proficient students understandtatetsssumptions, definiiadspreviously established results in

constructing arguments. They make conjectures and build a logical progression of statements to explore the truth of their
conjectures. Thane abl analyze situationbrealngtheminto caseand can recognize and use counterexamples. They
justify their conclusions, communicate them tauothesspond to the arguments of others. They reason inductively about
data, making plausible arguments that take into accountftbm eehitxthe data arose. Mathematically proficient

students are also able to compare the effectiveness of two plausible arguments, distinguish correct Idgit or reasoning from
which is flawed, &nif there is a flaw in an argdimexylain what it Blementary students can construct arguments using
concrete referents such as objects, drawings, aliggratimnSuclarguments can make sesbe corre@ven though

they are not general@echade formatil later grades. Lattudentiearn taletermindomaisto which an argument

applies. Students at all grades can listen or read the arguments of others, decide whethendheskmakusense

guestions to clarify or improve the argument

4 Model with mathematics.

Mahematically proficient students can apply the mathematics they know to solve prebésgdalifiesisgcietyand
the workplace. In early gradissmight be as simple as writing an addition equation to describe a situation. la middle grades,
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student might apply proportional reasoning to plan a school event or analyze a problem in the community. By high school,
student might use geometry to solve a design problem or use a function to describe how one quantity of interest depends ¢
anotherMathematically proficient students who can apply what they know are comfortable making assumptions and
approximations to simplify a complicated site@liing that these may need revisidrhieare able to identify

important quantities imacfical situation and map their relationships using such tools dsx#iagbéess gPaphs,

flowcharts and formulas. They can analyze those relationships mathematically to draw conclusions. Thesiroutinely interpre
mathematical results irctimeext of the situation and reflect on whether the results make sense, possibly improving the model
if it has not served its purpose.

5 Use appropriate tools strategically.

Mathematically proficient students consider the available tools wiatheohatigah problem. These tools might include

pencil and paper, concrete models, ruler, protractor, calculator, spreadsheet, computer algebra systeror statistical package
dynamic geometry software. Proficient studssftecamatifamiliar withobls appropriate for their grade or course to make

sound decisions about wheofahelse toatsight be helpfuécognizing both the insight to be gaitfegh imitations.

For example, mathematically proficient high school students inteopfangtiapis and solutions generated using a

graphing calculator. They detect possible stratsdigallysing estimatiand other mathematical knowlédumn

making mathematical models, they know that technology can en#lalibetirégults ofaryngassumptions, explore
consequengand compare predictions with data. Mathematically proficient students at various grade levels are able to ident
relevant external mathematical resources, such as digital content locatethdrusenbbsifggse osolve problems.

They are able to use technological tools to explore and deepen their understanding of concepts.

6 Attend to precision.

Mathematically proficient studigniscommunicate precisely to otherstryhieyse cledefinitions in discussion with

others and in their own reasoning. They state the meaning of the symbols they choose, are catgfit$ ahout specifying
measurend labeling axes to clarify the correspondence with quantities itheyepqirlessumericanswers with a

degree of precision appropriate for the problem context. In the elementary ggaeesastfidinfermulated

expinatios to each other. By the time they reach high school they have learned to examke eXpii asd of
definitions

7 Look for and make use of structure.

Mathematically proficient students look closely to discern a pattern or structure. Youngngplelemightanagice that
threeandsevemoreisthe same amounse@geandhreemore, or they may sort a collection of shapes according to how many
sides the shapes have, statents will see 7 aialthe well remembered 3 + 7x 3, in prepation for learning about

the distributive propetity the expressidm 9x+ 14, older students can see the 14 as 2 x 7 and the 9 as 2 + 7. They

recognize the significance of an existing line in a geometric figeedrandtategy of draamagixiliary linfor solving

problera They also can step back for an overview and shift perspective. They can see complicated things, such as some al
expressions, as single objexsscomposed of several oBj@texampléney can sed 3(xdy)?as 5 minus a positive

number times a squaraisadhat teealize thasitvalueannot be more than 5 for any real nuanizgrs

8 Look for and express regularity in repeated reasoning.

Mathematically proficient studetite i€alculatienae repeatedand look both for generethod and for shortcuts.

Upper elementary students mightwbgcgividing 25 by 11 that they are repeating the same calculations over and over
againpand conclude they have a repeating 8gpayahg attéion to the calculation of slope as they repeatedly check
whether points are on the line through (1, 2) with slope 3, middle school students might absyraé)theddguation (

3. Noticing the regularity in the way termsadaecexpandiogd 1)x+ 1), X8 1)¢¢+ x+ 1), andXd 1)(¢ + X+ x+ 1)

might lead them to the general formula for the sum of a geometric seriesoAsithaypvailetn, mathematically

proficient students maintain oversight of the process, while dteeidditags. They continually evaluate the reasonableness
of their intermediate results.
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Cluster

How to read the grade level standards

Domain Grade 6
x/ \\

6RP

Understand the concept of a ratio: Two quantities are said to be in a ratio of a to b when for every a units of the first
quantity there are b units of the second. For example, in a flock of birds, the ratio of wings to beaks might be 2 to 1; this ratio is also
written 2:1. In grade 6, limit to ratios qfnhoif numbers. iy

Make tables of equivalent ratios relating quantities with whole-number measurements, find missing values in the tables, and

plot the pairs of values on the coordinate plane. Standard

3. Solve for an unknown quantity in a problem involving two equal ratios.

2.

4. Describe categoriml data sets using ratios (e.g., for every vote candidate A received, candidate C received nearly three
votes; the ratio of type O blood donors to type B blood donors was 9:2).
Unit rates
5. Understand that for a ratio a:b, the corresponding unit rate is 4/p. If there are o units of the first quantity for every b units
of the second, where b # 0, then there are 4/} units of the first quantity for 1 unit of the second. For example, if a recipe has a

ratio rj 3 cups fjﬂour to 4 cups cfsugm, then there is 3/4 cup qf:ﬂaurfor each cup qfsugm:

6. ¢ Solve unit rate problems inr:luding unit pricing and constant speed, inr:luding reasoning with equations suchasd =r X ¢, r
/: d/r, t=d-+r.

/

Algebra
symbol

Standardsdefine what students should understhadble to dGlustersare groups alatedtandards
Note that standards from different clustemmatigndsecloselyelated, because mathematics is a connected
subjectDomainsare largegroups of related stand&aiseach grade level in Grad@ethK stadards are
organized into four or five dontimsdards from different domains may sometimes be closely related.

Algebra Symbol Key standards floe devefoment of algebraic thinking in GréBasekindicated by
Glossaryn eacgradeunderlining is used for the first occurrence of a defined term, meaqurin sub
occurrences

Note on Grade Placement of Topic8Vhat students can leaamy particular grade level depends upon
what they have learned before. Ideally then, each standard in this document might have been phrased in the fo
0Student s wAslouldnext cmraedoyl@akodn ioBime yea201Cthis approach isaalistit not
least because existing education research cannot specify all such learning pathways. Of necessity therefore, g
placements for specific topics have been made on the basis of state aothpaeswswhihie collective
experiencand collective professional judgment of educators, researchers and mathematicians. One promise of
common state standards is that over time they will allow research on learning progressions to inform and impro
design of standards to a much gresatethex is possible todegrning opportunities will continue to vary
across schools and school systems, and educators should make every effort to meet the needs of individual stu
based on their current understanding.

Note onOrdering of Topicswithin a Grade These standards do not dictate curriculum. In pasicular, j
because topic A appears before topic B in the standards for & doemrgrwdecessarily mean that topic A
mustbe taught before topié B2achemightprefer to teatbpic B before topicokmight choosehiahlight
connections tBachngtopic A and topic B at the sameQitreeteacher might prefer to teach a topic of his or her
own choosing that leads, as a byproduct, to studertteestantsrgier ticsA and B.
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Overview of the Mathematics Standards
Grades Kd5

This table shows the domains and clusters in each grade K5

K

1 Number name
1 Counting to tel

1 Sructuring
rectangulahape

Numberfi the number of
Counting and | objects
Cardinality 1 Comparing ani
ordering
numbes
1 Composing an 1 Addition and | 1 Addition and |1 Multiplication a| 1 Multiplication
. decomposing | ubtraction aubtraction division and Division
Numberfi numbers; qDescribing |1 Describing |1 Describing 1 Problem solvir
Operations and|  addition and dtuations and | dtuatbns and | dtuations and | with the four
the Problems | aibtraction slvingoroblem{  solvingoroblem{  solvingoroblems  operations
They Solve withaddition ar| withaddition ar] with
ubtraction btraction multiplication al
division
1 Twodigt 1 Numberspto |1 Numberspto |1Numberspto |1Numberspto |1Whole number
numbers 100 1000 10,000 100,000 in base ten
5 1 Composing an 1 Adding and | 1Adding and |1 Adding and 1 Multiplying anc 1 Decimal
Numberfi decomposibgn subtracting in | subtracting in | subtracting in b dividing irbase | concepts
Base Ten base ten base ten ten ten 1 Operations on
1 Multiplying and decimals
dividing in base
ten
1 Fractions as |1 Operations on|{ Fraction
Numberfi representations fractions equivalence
Fractions numbers 1 Decimatoncep] 1 Operations on
1 Fractional fractions
quantities
1 Direct 1 Length 1 Length 1 The nurdy line | 1 The number lir 1 Units of meast
measurement | measurement| measurement| and ums of and uns of 1 Volume
1 Representing i 1 Time 1 Time and mon| measure measure 1 Representing i
Measurement | interpreting da measurement | { Represe_nting ¢ 1 Perimeter and | 1 Perimeter and| interpreting da
and Data 1Representing ¢ interpreting da area _ area
interpreting da 1 Representing a 1 Angle
interpreting datf measurement
1 Representing «
interpreting da
1 Shapetheir |1 Shapetheir |1Shapetheir |1 Properties of 2| Lines and ang| 1 Coordinates
atributes, and| dtributes, and| atributes, and| dimensional 1 Line symmstr | 1 Plane figures
Geometry atiateasonin, atiateasonin| atiateasonin| shapes
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Overview of the Mathematics Standards

Grades 668

This table shows the domains and clusters in each grade 608.

numbers

1 The system of real numb

Grade
6 7 8
Ratios and 1 Ratios 1 Analyzing proportional
Proportional 1 Unit rates relationships
Relationships 1 Percent
The Number 1 Operations 1 The system of rational |1 The system of real numb
System 1 The system of rational numbers

Expressions and

1 Expressions
1 Quantitative relationships

1 Expressions
1 Quantitative relationships

1 Slopes of lines in the
coordinate plane

Equations the algebraic approach t¢ the algebraic approach t( 1 Linear equations and sys
prablems solving problems
i 1 Function concepts
Functions 1 Functional relationships
between quantities
1 Propeties of area, surfac¢ 1 Congruence and similarit § Congruence and similarit
Geometry area, and volume 1Angles 1 ThePythagorean Theorel

1 Plane and solid geometry

Statistics and
Probability

1 Variability andeasures of
center

1 Summarizing and descrik
distributions

1 Situations involving
randomness

1 Random sampling to dra
inferences about a popul

1 Comparative inferences i
two populations

1 Patterns of association ir
bivariate data
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Mathematics | Kindergarten

In Kindergarten, instructional time shauddbfotwo critical are@ls:representing, comparing and ordering
whole numbers and joining and separating sets; (2) describing shapes and space. More learning time in Kinder
should be devoted to number than to other topics.

(1) Students use numkacluding written numerals, to represent quantities and to solve quantitative problems,
such as counting objects in a set; creating a set with a given number of objects; comparing and ordering sets ol
numerals; and modeling simple joining andgsejtasatibms with objects. They choose, combine, and apply
effective strategies for answering quantitative questions, including quickly recognizing the cardinalities of small
objects, counting and producing sets of given sizes, countingftbbjaatsli@icombined sets, or counting the
number of objsthat remain in a set after some are taken away.

(2) Students describe their physical world using geometric ideas (e.g., shape, orientation, spatial relations) an
vocabulary. They identify,enamd describe basic slsapbsas squares, triangles, circles, rectangles, (regular)
hexagons, and (isosceles) trapeasidated in a variety of ways (e.g., with different sizes or orientations), as well
aghreedimensional shapes such as spihe®sand cylinddiisey use basic shapes and spatial reasoning to
model objects in their environment and to construct more complex shapes.

Common Core State Standards | Mathematics | Kindergarten 9



NumberiiCounting and Cardinality K-NCC

Number names
1. Say the number naeguende 100.
2. Know thelecade wastbninetyand recite them in .order (0ten, twenty,

3. Say the number name sequence forward or backward beginning from a given number within the known sequence (in¢
of always beginning at 1).
4. Write numbers from 1 to 20 in-teeseotation.
Counting to tell the number of objects

5, Count to answer oOhow many Qhjectgmagisigéedinra ne, a kectangularaasay, ma n y
circle, or a scattered configuration.

6. Understand that when counting objects,
a. The number nanaes said in the standard order.
b. Each obje@ paired wittne and only one nunniagne
c. The last numbeamesaidellsthe number of objects counted.
7. Understand that when counting foeeatd successive number name refers to a quantity that is 1 large
Comparing andordering numbers

8. ldentify whether the number of objects in one group is greater than, less than, or equal to the number of objects in an
group, e.gby using matching and counting stratelyids. groups with up to ten objects.

9. Compare and put in order numbers between 1 and 10 presented in written symbols: 1, 2, 3, 4, 5, 6, 7, 8, 9, 10.

NumberfiOperations and the Problems They Solve K-NOP

Composing anddecomposingnumbers;addition and subtraction
1. Understaradditiorasputting togthef e.g., finding the number of objects in a group formed by putting two groups
together. Understand subtraattaking apdrte.g., finding the number of objects left when a one group is taken from
another.
2. Represent addition and subtraction witts oifjgers, mental images, drawings, souctp&},@cting out
situations, verbal explanations, expressions, or dpatibatalvings need not show details, but should show the
mathematics in the pi@blsmmote also applies wWresavgs are mentioned in subsequent standards.)

3. *Decompose numbers less than or equal to 10 into pairs in varipusimggdjects or drawings, and record each
decomposition by a drawing or equation (e.g., 5 €@8m®se numbers whose $ess than or equal to 10, e.g.
using objects or drawings, and record each composition by a drawing or equation{e.g., 3 + 1 = 4).

4. Composanddecompose nundiess than or equal to 10 in two different ways, and record s@ngosition
decompositishydrawingor equatiaFor examlenight be compodecbmposed in two different ways by a drawing
showirigpw a group of 2 and a grtngetifdiake the same nuchtgegesip of 3 and a group of 4.

5. *Understanthataddition andistractinare relatedior exampidea group ofstlecomposed into a group of 6 and a group
of 3thismeans not only 9 = 6 + 3 bud@so®and 86 = 3.

drawing® represent the problem
7. Fluently add and subtfactsums and minuendsarfless.

NumberfiBase Ten K-NBT

Two-digit numbers
1. Understand that 10 can be thought of as@boadla uni t call ed a o0ten. 6
2. Understantthat deen numbés composed of a tenoaeg two, three, four, five, six, seven, eight, on@éne

3. Compose and decompose teen numbers into a ten and sqrbg osieg, @jects or drawargsecord the
compositions and decompositicassdi@rbnotatior-or example, 10 + 8 = 18 and 14 = 10 + 4.

4. Put in ordemumberpresented in base notation from 1 to 20 (inclusiveheaable texplain the reasoning

o
c
>
Q.
1)
=
2]
—
Q
>
o
—
%
Q
Q.
)
=
o
g2
1)
=
(2]
—
o
o
>
o
—_
=
o
—
>0
=
D
o
—
o
c
-
=
<
o
128
X
o
=
2.
>
D
—_
(0]
>
12

6. Understand thaettwo digits of a tdigit number represent amounts of tens alm2hder example, tber@sents
two tens ahd 9 representemise
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Composing anddecomposingten

7. Decompose o pairs of numbergy, byusing objects or drawings, and redodkeamposition with a draaing
equation.

8. Compose numbers to make.gObyusing objects or drawings, and record each compaosition with a drawing or
equation.

9. *For anpiumber from 1 to 9, find thenher that makes 10 when added to the givererg)ipeising objects or
drawings, and record the answer with a drawing ar equation

Measurement and Data K-MD

Direct measurement

1. Understand thatjects have meadsigrattributesuch as lengthwéght. Asinglebject might have several
meas@ble attributes interest

2. Directly compare two objects with a measurabdre attri
exampldirectlpompare the heights of tauwndbdéikgwhich book is taller

Representingand interpreting data

3. Classify objects or people into given casmortahe numbers in each categbsyt the categories by cdiinit
category cetmbe less than or equal to 10

Geometry K-G

Shapestheir attributes, and spatial reasoning

1. Describe objects in the environment using names of shapes, and describe the relative positions of these objects using
such eabovyéelovbesida front pbehindandchext to

2. Understand that names péslapply regardless of the orientation or overall size dfdheshayme, a square in any
orientation is stil!l a square. St udent srrecthanameiitn i t i al |

3. Understand thehapes can be-tib me nsi on al (I yi ndgnensionadsgliddp | ane, ofl at )

4. Understand that shapes can be seen as having parts,
together to compose other shapes.

5. Analyze amtbmpare a variety of-tartd thredimensional shapes, in different sizes and orientations, using informal
language to describe their similarities, differences, component parts (e.g., number of sides and vertices) and other
attributes (e.g., having saflegual length).

6. Combine twar threadimensional shapes to solve problems such as deciding which puzzle piece will fit into a place in ¢
puzzle

Common Core State Standards | Mathematics | Kindergarten 11



Mathematics | Grade 1

In Gadel, instructional time should fonésurcritical areagt) developingderstanding of addition,
relationships, includinguging in tens and oneslg®loping understanding of linear measurement and
measurgnlength&nd (lcomposing and decomposing geometric shapes.

(1) Studentdevelop strategies for adding and subtracting whole numbers based on their prior work with small
numbers. They use a variety of models, including discestdeasigjgiiasechodels (e.gcubes connected to
forml e n gt h s yuttogetber/take dpathdd t0 dakedrom@nd o6 ompauati ons to de
meaning foine operationsaufdition and subtragtaordo developtrategies tolge arithmetic problemith
these operatiofsidentsinderstand connections between counting and addition and subtraction (i.e., adding two |
the same as counting on Thiejuse properties of addition (commutativity and associativity) to add whole
numbers amadcreate angke increasingly sophisticated strategies based on these ppedidsiery.g t ens 0 )
solveaddition and subtraction problems witBiy @mparing a variety of solution strategiesbalddiesir
understanding of the inverse relatiomsiegnbedition and subtraction.

(2) Studentsompare and order whole numbers (at least to 100), to develop understanding of and solve probler
involving their relative sizes. They think of whole numbers between 10 and 100 in terms of tallyand ones (esp:
recognizing the numbers 11 tacbghpssed ofem andomenek They understatie sequential order of the
counting numbers and their relative madinitudgsactivities suatepeseirtgnumbers on paths of
numbered things.

(3) Studentevelop an understanding of the meaning and processes of measurement, including underlying
concepts such as partitioning (the mental atgisdmpdsirtige length of an object into -siped units) and
transitivity (e.g., in terms of length,@€ohjisongethan object B and objectdBgethan object C, then
object A imngethan object C). They understand linear measure as an iteradioth wseiniters and other
measurement tools with that understanding.

(4) Studentsomposend decompose plane and solid figures (e.g., put two congruent isosceles triangles togethel
to make a rhombus), building understanding/lobleantlationships as well as the properties of the original and
composite shapes. As they cauoliinend plafigures, they recognize them from different perspectives and
orientationslescribe their geometric attribarielsdetermine how they are alike and different, to develop the
background for measuremefibEnidial understandings of properties saolragnce and symmetry.

Common Core State Standards | Mathematics | Grade 1 12



NumberiiOperations and the Problems They Solve 1-NOP

Addition and subtraction

1.

“Understand the properties of addition.

adding 3+ 2 =5thenadding4+5=9
c. 0is thedditive identity

* Explairand justify properties of addition and subagtioyising representations such as dgaditsysand
story contextExplain what happens when:

a. The order of addends in a sum is ¢changech with two addends

b. 0isadded to a number

c. A number is subtracted from itself.

d. Oneaddenth a sum is increased by theottheraddendsdecreased byl imit to two addends.

“Understand thakdition and subtracti@ve aimverseelationshifzor example, if 8 + 2 s kBdwn, the®d20= 8
and 10 8 = 2 are also known.

*Understand that wiadirbut one of three numbers in an addition or subtraction equatiothararkamwn
number can be founichit to cases where the unknown number is a whole number.

Understnd that addition can be recorded by an expression (e.g., 6 + 3), or by an equation that shows the sum (e.g., 6

= 9). Likewise, subtraction can be recorded by an expresgi&@),(erdoy&n equation that shows the difference
(e.g., D5 =14).

Describing situations and solving problems with addition and subtraction

6.

7.

8.

Understand thatdition and subtraction apply to situatholoéngo, takingfrom putting together, taking ajaad,
comparingse&lossary, Tdble

represent the probl&tudents should work with all of the addition and subshotieris#@ibssdrgble, solving
problems with unknowm®gitiaihs, and representing these situations with egyatiufids thatusedag., a
guestion mark or a small Goaeedusgentseedot master the more gifbbldtypes.

Solvevordproblems involving additidhrelewhde numberashose sumléss than or equa2@

NumberfiBase Ten 1-NBT

Numbersup to 100

1.
2.
3.

4.

Read and write numbers to 100
Starting at any number, count to 100 or.beyond

Understand thahen comparihgo-digit numbers, if one number has more tensatersifthe amount of tens is the
same in eachimberthenthe number with more ones is greater.

Compare and ordso-digitnumbers based on meanings of the tensdigitsisésy > and < symbols to record the
results of comparisons

Adding and subtracting in baseten

5.

8.
9.

Calculate mentally, additions and subtractions within 20.

Understand that in adding or subtractidigitvmmmbers, one adds or subtracts like units (tens and tens, ones and ones)
and sometimes it is necessary to compose or decompose a higher value unit

Given a twdigit number, mentally find 10 more or 10 less than the number, without having to count.
Add onaligit numbers to twligit numbers, and add multiples of 10digibaad twdigit numbers.

10.Explain addition of tdigit numbers using cetecmodets drawing® shoveomposition of a ten or a hundred
11.7 Add twedigit numbers to twidgit numbers using strategies based on placepeaties of operatiargjbor the

inverse relationship between addition antayletptain the reaningised
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Measurement and Data 1-MD

Length measurement

1.
2.

3.

Order three objectsléygthpomparthe length oivo objects indiredblyusing thircobject.

Understand thtaelengthof an object candxpressed numeridaylyising another objeatlasgth unisich as a

papeclip, yarstick,orinch length on a rul@ieobject to be measured is partitioned into as many equal parts as
possible with the same length as the lengthlangtiteasuremenittheobjecisthe number #ngthunits that
spanitwithnogapsoroveRapsy exampl e, o0l <can put four paperclips
l ong. o

Measurthe length afh objediy using another object as a length unit

Time measurement

4.

Tell timerom analog clodkdours arfwlf or quartethours.

Representing andnterpreting data

5.

Organize, represeaartd interpret data with several categories; ask and answer questions about the total number of data
points, how many in each category, andrhomare or less are in one category than in another.

Geometry 1-G

Shapestheir attributes, and spatial reasoning

1.

Distinguish between defining attributes (e.g., triangles are clossideadvirses raefining attributes (e.g.,
color, orientatipoverall size) for a wide variety of shapes.

Understand thatapes can be joined together (composed) to form a larger shape or taken apart (decomposed) into a
collection of smaller shapesiposing multiple copies of some shapes credtethiginga d e 0 r @ c,darddn igé £ 56
other shapetude thanteriesas well as their boundaries

Composevo-dimensionahapée® create a unit, using cutouts of rectangles, squarefalficingéess,and quarter
circles. Form neshapdsy epeating the unit.

Compose threggmensionahapdse create a unit, using concrete models afghtbestangular prismight circular
cones, am@yht circulacylinders. Form nshapdsy repeating the uSitudents do not need fartearames such as
oright rectangular prism.é

Decompose circles and rectangtegiatofourequal parts. Dabe the parts using the waabg$ourthsand
quarterand using the phrasdfsgffourth pandjuarter.@escribe the whole as fwordour of the parts.
Understand thaabmposing into mecggiathares creates smaller shares.

Decompode/o-dimensionahapes into rectangles, squares, tfiatfgiedes, and quartircles, including
decompd#nsintoequathares.
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Mathematics | Grade 2

In Gade2, instructional time should fontisreecritical areagl) developing understandingsain
subtractip and 8) describing and analyzing shapes.

(1) Studentdevelop an understanding of tHehagstem (at least to 1000). Their understanding-of the base
ten system includes ideas of countingiwamifsves, and teas)l multiples of hundresiss, and ones
well asiumber relationships, including comparing and ordering. They unddigiiamanning({sp to 1000)
written in bagen notatigmecognizing thae digits in egalaceepresent thousands, hundreds, tens, or ones
(e.g.,853is 8 hundreds + 5 tens + 3 ones)
Theysolve arithmetic problems by applying their understanding of models for addition aet sigbtraction (su
combining or separating sets or using nuntbat begs1 with zgreelationships and properties of rsumber
and properties of addition. They develop, discuss, and use efficient, accurate, and genera@izgiite methods to
sums and differesofwo-digitwhole numbers. They select and accuratelgitoolhat are appropriate for
the context and the numbers involved to mentally calculate sums aftheffeesrtas fluency with efficient
procedures, including standard algofithatkling and subtracting whole numbers; understand and explain why
the procedures work baséigeimunderstanding of bexs@otatioand properties of operations; and use them to
solve problems

(3) Students delse and anahst@apes lexaminintheir sides and angles. Students investigate, describe, and
reason about decomposing andiogsii@pes to make other shapes. Through building, drawing, and analyzing
two- and thredimensional shapes, studievetop a foundation for understatidinges of twand three
dimensional spaugeh as area and volume, and properties such as congruence and symmetry that they will learn
about in later grades
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NumberiiOperations and the Problems They Solve 2-NOP

Addition and subtraction
1. *Explairandustify properties of addition and subtragidusing representations such as odbgevitsgsand
story contextBiclude properties such as
a. Changing the ordeadflendsoes not change their. sum
b. Subtracting one addend fasomof two numdrsresults in the other addend
c. If more is subtracted from a number, the difference is dedriédssslis subtracted the difference is.increased
d. In an additim@guationeach addend caddmmposaahd the parts can be recombined in anytiood&r wi

changing the sufor example, 5 + 3 = 8. Beciarsmposés-ds the first addend can beleglacggielding
(4 + 1) + 3 = 8. Recombinimgpdifferent orders: 4 + 4=8,also 7 +1 = 8.

Describing stuations and solving problems with addition and subtraction

problemStudents should work with all of the addition and subshotiorilsi#\@iiesargbld, solving problems with
unknovaums, addends, differences, minuends, aandsidyrabentisg these situations with equatyonisttndhese a
unknowie.g., a question mark or a smdtloegsaied more diffiputtbletypes.

represent the problem

NumberfiBase Ten 2-NBT

Numbersup to 1000
1. Understand that 100 can be thought of as a buridle wiitastie d a Ohundr ed. 6

2.

3. Count within 1008kip count by 2s, B3sand 100s

4. Understand that when compéreedigit numbers, if one number hashonmteedst is geater; if the amount of
hundredis the same in each number, then the number véatiimgreateif the amount of tens and hundreds is the
same in each number, then the number with more ones is greater.

5. Compare and ordlereedigit numbers basadweanings of thendreddensand onetdigits

Adding and subtracting in baseten
6. Fluenthadd and subtract withinB® end @drade, know from memayms of orthgit numbers

7. Mentalicompute sums and differences of multipléopet@mphentally calculatedBRD

8. Understand that in adding or subtractirgjditreembers, one adds or subtracts like units (hundreds and hundreds,
tens and tens, ones andamgspmetimes it is necessary to compose or decompose a higher value unit

9. Given a number from 100 to 900, mentally find 10 more or 10 less than the number, and mentally find 1200 more or 10
less than the number, withoutiogunt

10.Understand th#garithms amgredefinesteps thaivethe correct result in every, edsiée sategies are purposeful
manipulations that maghuesen for specific probleragnot have a fixed orderd may be aimed at converting one
problem into anothEnr example, onemeglallyompute 59398as follow&98 + 2 = 400, 400 + 100 =05600 +
3 =503, so the answeris 2 + 100 + 3, or 105.

11." Compute sums and differenoeg,dfvo, andhreedigit numbers using strategies based on plaoepeaties, of
operationandbr the inverse relationship between additionraciibsugxplairthereasoningsed

Include explanations supported by drawigamgeobfaetasonably efficient algorimbnééﬁéﬁbééﬁl_)_/ the standard
algorithm.

13.Compute sumsteb threaligit numberandcompute sums of threfoor twedigit numberasing the standard
algorithmcompute differences ofttweedigit numbers using the standard algorithm

Measurement and Data 2-MD

Length measurement
1. Understand thiainch, 1 foot, 1 centimeserd 1 meter are conventionally defined lengths used as standard units.

2. Measure lengths using measurement tootslsushyasdstickedmeasuring tapaaderstand thaese tools are
used to find obw many standard length units span an object with no gaps or overlaps, when the 0 mark of the tool is
aligned with an end of the object.
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3. Understand thah@n measuring a length, if a smaller unit is used, moreatapigacd tieeded to measure the
length than would be necessary if a larger unit were used.

4. Understand thatits can be decomposed into smaller unit$petgan be decomposed into 12sindheeter
can be decomposedliifbcentimeters. Aairmumber of long units nightposa greater length than a large
number of small units.

5. Understand thahbths can be compared by placing objects side by side, with one end lined up. The difference in lengtt
how far the longer extends beyonititbétbe shorter.

6. Understand thagwm of two whole numlparsepresent a combination of two lengths; a difference of two whole
numbers can represent a difference irfilohgltal lengthed differences in lengsiheg addition and subtraction.
Time and money
7. Find time intervals between hours in one day
8. Solve word problems involving dollar bills, quarters, dimes, nickels Bnchpeimdksle dollars and cents in the same
problem.
Representing andnterpreting data
9. Generate measuremeatlmameasuriwholeunit lengths eéveralbjectsor by making repeated measurements of

units

10.Draw a picture graph and a bar gitp$irfgleinit scale) to represent a data set with several ¢wegeres.
representationshmr graph scales, rulers, and numbalihegin with zeBolve simplRut Together/Take Apart
andCompargroblems using information presenteat igrapghSee Glossary, Table 1.

Geometry 2-G

Shapestheir attributes, and spatial reasoning

1. Understand thatferenicategories of shapes (e.g., rhombuses, trapezoids, rectangles, and others) can be united into a
larger category (e.g., quadrilatenatisg dasis of shared attributes (e.g., having four straight sides).

2. ldentify and name polygbng to six sideg the number of their sides or angles.

3. Recognize rectangles, rhombuses, squares and trapezoids as examples of quadrilatefaisiadhalateseamples
that do not belong to any of these subcategories.

4. Draw and identify shapes that have specific attributes, such as number of equal sides or nuBizes afequal angles.
lengths and angles are atireptiyeatsually, not compgratkasuring.

5. Recognize objects as resembling spheres, right circular cylinders, and right reStaguits goisrasneed to learn
foomatames such as oright rectangular prism.o

6. Decomposgrculamndrectangular objeicttotwo, three, or toequal parts. Debe the parts using the wuabi®s
thirdshalf gfa third pétc.; @scribe the wholetnashalveghreethirds four fourthdRecognize thatadf, a third, or
afourthof a circular or rectangular ébggtaham crackér exampie isthe sam&zeregardless of its shape
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Mathematics | Grade 3

In Gades, instructional time should fonfsurcritical areagl) developing understanding of multiplication
and division and strategiesuitiplicatioanddivisiorwithin 100 (2) devefaing understanding of fragtions
starting with unit fractiof® developing understanding of the structure of rectangular arrayarafw) of area
describing and analyzinglimvensional shapésltiplication, divisicemd fracties are the most important
developments in Grade 3.
(1) Students develop an understanding of the meanings of multiplication and division of whole numbers throut
use of representations such asiegghglroups, arrays, area models, and equahjumiges bnes for
multiplicatigrand successive subtraction, partitioning, and sharing firdivigichis processnhbers
themselves take on new meaning and are ordyoageters for single objects. They represent groups, a number
of groupfor example, 3 teams of 6 people)comparative factor (3 times as long).
Studentsse propertiesagferation® calculate productsvbble numberBheyuse increasingly sophisticated
strategies based on these properties to solve multgplittesmnasroblems involving gligitédactors. By
comparing a variety of solution strategies, |sturtbetits inverse relationship betwdtgrlication and division.
(2) Students develop an understanding of a definition gbegirattigrittr unit fractions. They use fractions
to represent parts of a whole or distances on a ntirabbegives with zestudents understand that the size of
a fractional part is relative to the size of th{gowexénple, ¥4 of a mile is longer tbaa $aot, even though
Y4 < %), and they are able to use fractions to represent numbers equal to, less than, and greater than one. They
problems that involve comparing and ordering fractymsadeigy strategies based on notoimgnon
numeators or denominators.
(3) Students recognize area as an attributinoémsional regions. They understand that area can be quantified
by finding the total number of-se@einits of area required to cover the shape without gapslbegverlap
understand that-arit by dunit square is the standard unit for measuring area. Students understand that rectangu
arraysan be decomposedidaiaticalowsor intoidenticatolumns. By decomposing rectangles into rectangular
arrays of squaresjestils connect area measure to the area model used to represent multiplication, and they use 1
connection to justify using multiplication to determine the area of a rectangle. Students contrast area with perim
(4) Students describe, analyze, gratepnoperties of tdimensional shapes. They compare and classify the
shapes by their sides and anglesnnect thegthdefinitions of shapes. Students investigate, describe, and
reason about decomposing and combining polygons to makmstidmrpobiybuilding, drawing, and
analyzing twdimensional shapes, studiespen thainderstamty ofattributes and properties of two
dimensionabjects
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NumberiiOperations and the Problems They Solve 3-NOP

Multiplication and division
1. Understatthat multiplication of whole numbers is repeated Rddéample,/smeans 7 added to itself 5 times.
Produatan be represented by rectarsguitdr arfagtor the numbremaf atige othére number of calumns
2. “Understarithe proprties ofmultiplicatian
a. Multiplicatioiscommutativéor exampies total number in 3 groups with 6 things each is the same as the total numbe

- 24, or by first calculatiry=86 then calculatin® 4 24
c. 1is the multiplicatidentity
d. Multiplicatiodlistributesver additiofthedistributive_propeytfroexample?33+ 4) = (5 3) + (5 4).

3. *Explairand justify propertiesnofitiplicatioanddivisione.g, byusing representations such as dbgaeitsgsand
story contextBiclude properties such as

a. Changing the order of two factors dokangs thgiroduct

The product of a number and 1 is the .number

Dividing aonzermumber by itself yields 1.

Multiplying a quantity byomzeraumber, then dividing by the same nyimloidhe original quantity

When oefactoriin aproductsmutiplied by a numlard anothéactodividedythe same number, the product
is unchangddmit to multiplying and dividing by numbers that-resulién guiatients.

f. Products where one fastannedigit number candmmputd bydecompasgone factas the sum of two
numberanultiplying eactumbeby the other factand adding the two products
4. *Understand thatltiplicatioanddivisiorhave aimverseelationshif-or exampl&gzif7 = 35is known, tf8&n 5 =
7and35- 7= 5ae also knolnme divisi8h- 5 meattsenumberhiclyields 35 when multiplietebsiise 5 = 35,
ther85. 5=7.
5. “Understand that wiadtut one of three numbersrinlaplicatioor divisiorequation are kngwime unknown
number can B®indLimit to cases where the unknown number is a whole number.

® oo T

Describing situations and solving problems with multiplication and division

6. Understand thaultiplicatioanddivisiorapply to situationgh equal groygsrays or arendcomparingsee
Glossary, Table

7. * Solve word problems invoivinliiplicatioanddivisiomwithin1Q), using an equatiith a symbol for the unknown

to represent the prohld@ims standard is limited to problemswittbermhglentities anechwinbler ¢geatsFocus on
situations described in the Glossary, Table 2.

8. *Solve oner twastep word problems involving the four opefdtisissandard is limited to problemswitibahole
guantities and winaeber quotients

9. Understand thauliplicatia and division can be used to compare deaatBssary, Tabledyyepsnultiplicative

comparison problems with whole numbers (problems inv
NumberfiBase Ten 3-NBT
Numbersup to 10000

1. Understand thaiODGan éthought of as a bundieimdiredsa u n i tthogsandd ed a o
2. Read and write numbers @00sing ban notation, number namesgahded fo
3. Count within 1000; skip count by 1080sand 1000s
4. Understand that when comparirdigit mmbers, if one number has thhousandi is greater; if the amount of
thousands the same in each number, then the number Withdrexis greateand so o©ompare and order
fourdigit numbers based on meaningdigitshe
Adding and subtracting in baseten
5. Mentallyalculate sums and differences of multiples of 10, 100FandxEiaptentally calculate @300
6. Given a number fro80@ to 900 mentally findX@ more or Tess than the number, and mentally fimidtér
10 less than the number, withoutingunt

Multiplying and dividing in baseten
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explain patterns in the multiplication tabledarideamew multiplication and divgicaticsfrom known ondsor
example, the distributive property makeshitlpplgsibleyalecomposing # &sahd using 4 = 43 (5+ 2) =
(43 5) + (4 2) =20+ 8=28

8. Fluentlynultiply oneligit numbers by 10.

ore-digitnumbers/here one of the factors is 208,54

NumberfiFractions 3-NF

Fractions agepresentations olhumbers

decomimaghe interval from O to thieequal parts and taking therigrendpoint of the firtt @ede 3, all number
lines begin with zero.

2. Understand thaadtions are built from unit fracttersexample, 5/4 represents thenpoiriéme obtained by marking
offfivdengths of ¥ to the right of O

3. Understand thiato fractions are equivdlepresent the same number) whdrabtitnsorrespond to the same
point oranumber lindRecognize and generate equivalent fractiemomithators 2, 3, 4, and 6 #x= 2 4,4 6
= 2/3), and explain the reasoning.

4. Understand thahele numbers can be expressed as fficdenmportant cases are illustrated by the examples 1 = 4/4, 6
=6/1, and & (47 7)/4. Expressing wholeensi as fractions can be useful for solving problems or making calculations.
Fractional quantities

5. Understand thaadtiongapply to situations wheveholés decomposietio equal parisse fractions to describe parts
of wholed~or example, toBBafa lengtldecomposketigginto 3 equal parts and show one of the parts.

6. Compare and order fractional quamititiexjual numerators or equal denomimatmyshe fractions themsehpes,

Measurement and Data 3-MD

Thenumber line and units of measure

1. Understand that a number line has an origin (0) and a unit (1), with whole numbers one Udgedistalnee apart.
linesto represergroblems involvidggtances, elapsed time, amounts of money and othetrgsaciitEseblems, the
interval from 0 to 1 may represent a unit of distance, time, money, etc.

2. Understand thatir@it of measure can be decomposed irgzegpaals, whose sizes can be represented as fractions of
the unitConvert measurements in one unit to measurements in a smaller or a larger unit, and solve problems involving
such mixed uniesd.,feet and inches, weeks and days).
Perimeter andarea
3. Undestanand useoncepts of area measurement
a. Asquare with sidelengthlun¢c al | ed o60a unit square, 6 is said to ha
measure area

b. A plane figure which can be covered without gaps or ouaritagpguayésms an areansfjuare units. Areas of
some other figures can be measured by using fractions of unit squares or using figures whose areas have been f
decomposing other figures.

c. When measuring an area, if a smabémedisuremestused, mewunits must be iterated to measure the area in
those units.

d. Determine and compare areas by counting squse émifs ir?, f, and improvised units.

4. Understand thatiltiplication of whole numbers can be represented by asr@ctemtpléaegion that éedength
units bylengthunits (whergandbare whole numbers) and tiled with unit squares illustrates why the rectangle encloses
an area af bsquare units.

5. Solve problems involyiegmetersf polygons
a. Addgiven side lengtasdmultiplyforthe case of equal side lengths.

b. *FHndan unknown length of a side in a polygon given the perimeter and all othesickelerithse
problems with equations involving a letter for the unknown quantity.

c. Exhibit rectangles withgame perimeter and different area, and with the same area and different perimeter.
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Representing andnterpreting data

6. Draw a scaled picture graph and a scaled bar graph to represent a data set with several-categargs®Solve one
Ohow mnmaenby aamod O how many | essd pr obl e nirclude singmetgcalesn f or ma't
and multiplmit scales; for example, each square in the bar graph might represent 1 pet, 5 pets, or 10 pets.

7. Generate measurement data byinggesgthsising rulers marked with halves and fourths oShavinttte data by

Geometry 3G

Properties of 2dimensional shapes
1. Undersand thatgiven category of plane figures (e.g., triangles) has subcategories (e.g., isosceles triangles) defined by
special properties.
2. Describe, analyze, compare and clasdiiffiyemsional shapes by their properties and connect these peoperties to th
classification of shapes into categories and subcate
r h o mb & snitrjangles and quadrilaterals.
Sructuring rectangular shapes
3. Understand thatctangular regions can be tiledguiares in rows and columns, or decomposed into such arrays.

4. Structure a rectangular region spatially by decomposing it into rows and columns of squares. Determine the number c
squares in the region using that spatial structure (e.g., by nuitidjgatbomting).

5. Understand thaipes can be decomposed into parts with equal areas; the area of each part is a unit fraction of the wh
For example, when a shape is partitioned into 4 parts with equal area, the area of thecthague.is ¥4 of the area o
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Mathematics | Grade 4

In Gaded, instructional time should fonusur critical areéls: continuing to develop understanding and
fluency with whole number multiplication, and developing understandigg efwolelthumber divis{@;
developing an understanding of addition and subtraction of fractions with like denominators, multiplication of
fractionbywhole numbers, and division of whole numbers with fraction@)alesreyping an understanding
of areaand (4) undensting thageometric figurean be analyzed and classifiqotaisénties such as having
parallesidesperpendiculaidesparticulaangle meassyand symmetry.

(1) Students use understandings of multiplication to develop fluency wathamddiypgatiwithin 100.
They apply their understanding of models for multiplicatsire(equaips, arrays, area models, equal intervals
onanumber line), place value, and properties of operations, in particular the distributive pleysdy, as they
discuss, and use efficient, accurate, and generalizableongihtelprtoductawidltidigit whole numbers.
Depending on the numbers and the contselettiand accurately apply appropriate methods to estimate
productsr mentally caltate products. They develop fluency with efficient procedures, including the standard
algorithm, for multiplying whole numbers; understand and explain why the procedures work based on place vall
and properties of operations; and use them to solge tuddens apply their understanding of models for
division, place value, propatieperationand the relationship of division to multiplication as they develop,
discuss, and use efficient, accurate, and generalizable procedures toviotdny otighitiindividends.
They select and accurately apply appropriate methods to estimate quotients and mentally calculate quotients
depending upon the context and the numbers involved.

(2) Students develop understanding of operations witi fiectiqpdy their understandings of fractions as
built fromunit fractiongndusdraction models to represent the addition and subtraction of fractions with like
denominators. Students use the meaning of fractions and the meaning of mudkifgteatioand explain
why the procedure for multiplying a fraction by a whole number makes sense. They understand and explain the
connection between division and fractions.

(3) Students develop their understanding of area. They understand aadfapplyatieraectangles and
also find areas of shapes that can be decomposed into rectangles. They select appropriate units, strategies (€.
decomposing shapes), and tools for solving problems that involve estimating and measuring area.

(4) Students deribe, analyze, compare, and clasdifpénsional shapes. Through building, drawing, and
analyzing twdimensional shapes, students deepen their understanding of prafigréiesiohalvobjects and
the use of them to solve problems involwragrgym
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NumberiiOperations and the Problems They Solve 4-NOP

Multiplication and division
1. Find the factor pairs for a given whole number less than or equal to 100; recognize prime numbers as numbers greate
1 with exactly one factor. Eaiample:eTtactor paif§2 are {42, 1}, {21, 2}, {14, 3}, {7, 6}.
Problem solving with the four operations
2. *Solve multistep word problems involving the four operations with whole numbers

3. *Solve problems posed with both whole numbers and frdetstasddhwhile gantities in a problem might be
described with whole numbers, fractions, or gdibeiroprations used to solve the problem depend on the
relationships between the quantities regardless of which number representations are involved.

4. Assedhereasonablenesarawers using mental computation and estimation strategies including rounding to the nearest
10 or 100

NumberfiBase Ten 4-NBT

Numbers up to 00,000

1. Understand thadligit in one place represents ten times what it represents io itseriglhEor examplén the
thousands place representsldinytgan 7 in the hundreds place.

of multidigit numbers.
a. *The product of a efigit number times a milgit number is the sum of the products ofdiggtanenbe

b. Algorithms for mutligit multiplication can be derived and explaineéddynwititligit numbers é@xpanded
formand applying tistributive property

of the factorsGs?, 8, or 9.

5. Mentallyalculate prodaofonedigit numbeendonedigit multiples of 10, 188d 1000 (e,d.: 6000) Mentally
calculate whole number quotients with divisors of 10 and 100

6. Compute products and whole humber quotientstiofee or fourdigit numbeendonedigit ninbers, and
compute products of two-digit numbersising strategies based on plactheptoperties afperationgndbr
the inverse relationship between multiplication and division; explain tleedeasoning

7. Explain why multiplication andativi¢rategies and algorithms work, using place valwe@artiebexfperations
Include explanations supported by drawjrmgdatuatiogps of reasonably efficient algorithms may be covered, not only th
standard algorithms.

8. Compute pducts afwo-digit numbers using the standard alganithameck thesultusing estimation

9. Given two whole numbers, find an edligfilaryinthe largest multiple of one which is less than or equal to the other.
For example, given 325 and atidme32&u= 467 + 3 shows the largest multiple of 7 less than or equal to 325.

NumberfiFractions 4NF

Operations on fractions
1. Understanaddition dfactios

as the othdfo examptaesum of the related frat3iamsl 1/6 candmmped by rewriting 2/3 as 4/6@ngduag
4/6 + 1/6 = 5/6.

2. Compute sums and differentrestidns with like denominators, add and seibteatfractiomsthinl (e.g, &/ 2+
174,310+ 4 109 7/ 85 Y 4), and solve word problems involving these operations.

3. * Understand that the meanimgiltiplying fraction by a whole number comes from intenpiéphigation by a
whole number as repeated ad#&itioexamplé,Z5 = 6/5 becausé 3/5 = 2/5 + 2/5 + 2/5 = 6/5.
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4. Solve word problems that involve multiplication of fractions by wholeprasgergitiplicatioof fractionisy

5. *Understantthat factiongive meaning to the quotient effaslg number hyyaorzero whole numbEnr example,
3- 4 = 3/4, because 3/4 multiplied by 4 €thaldi@si8n 4 mearikenumberhiclyield8 when multiplied.py

6. Solve word problemat involvaorwhole numbeuotients of whole numbregresent quotients of whole numbers
usingape diagrarmsd area models that explain numerical results

Decimal concepts

7. Understand thatro-digit decimal is a sum of fractions with denomiaaibk00Bor example, 0.34 is 3/10 +
4/100.

8. Use decimals to hundredths to describe parts cbwipalesand order decimals to hunbesgtti®n meanings of

the digitsand write fractions of the fa@fid or @100 in decimal notatidise > and <dyols to record the results of
comparisons.

Measurement and Data 4-MD

The number line and units of measure
1. Understand thaetunit length amumber linaéntervafrom 0 to 1) can be divided into parts of equal fractional length.
Drawnumber lineepresentatiorsf problem situations involving length, haiyjldistance including fractional or
decimalinits For exampglepwistances along a ractdentke ahdeon a number, layedividingeunit length into 10
equal parts to get phlength 1/18e endpoint of the segment of 1/10 length from O oépreitefmsmM At@ starting
point of the rdiesrade 4, all numbers lines begin with zero.

Perimeter andarea
2. Understanthat ifa region is decomposed into seyeirat piisces, then the area of the region can be found by adding
the areas of the pieces (when these areas are expressed in the same units).
3. *Apply the formuslfor area of squares and rectangles. Measure and coraguéeavtivdeeas of objects and
regions enclosedybpmetric figuretichcan be decompostd rectangldsmit tesituations requiring prodnets of
twedigit numbers.
4. *Find one dimension of a rectgngda the other dimensiontaatea or perimeter; find the lengtieddide of a
squarggiverthearea or perimeter. Represent these priteptpiations involvingtéerfor the unknown quantity.
Angle measurement
5. Understand what an angle is and how it is measured:
a. An angle is formed by two rays with a commaun. endpo
b. An angle is measured by reference to a circle with its center at the common endpoint of the rays. The measure of
angle is based on the fraction of the circle between the points where the two rays intersect the circle.
c. A onedegree angle turnsulio1/360 of a circle, where the circle is centered at the common endpoint of its rays;
the measure of a given angle is the numbaegreen@ngles turned with no gaps or overlaps.

6. Measure angles in whataber degrees using a protractor; sketcof apgleified measified the measure of a
missing part of an angle, given the measure of the angle and the measuespodsepigthafsie problems with
equations involvingtgerfor the unknown quantity.

Representing and interpretingdata

addition and subtraction of fractions by osingtioh presentediot plotsFor examflem a dot glotl and interpret
the difference in length between the longest and shortest specimens in an insect collection.

Geometry 4G

Lines and angles
1. Draw points, lines, line segments, rays,aampkrpendicular and parallel lines; identify piasdigures.
2. ldentify righanglesand angles smaller tingneater than a right angle in geometric figures; recognize right triangles.
3. Classify shapes based on the presence or absence of parallel or perpendicular lines, or the presence or absence of a
specified size.
Line symmetry

4. Understand thaireeloBymmetrfor a geometric figise line across the figure suthetfigurean be foldetbng
the linentomatchingars
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5. ldentify linsymmetric figuregven a horizontal or vertical line and a dravénwptteatiosed figuwempletéhe
drawing to creat@igurethat is symmetwidth respect thegiven line.
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Mathematics | Grade 5

In Gades, instructional time should fonusur critical ared$) developing fluency with addition and
subtractioof fractions, developing understanding of the multiplication of fractions and of division of fractions in
limited cases (fractions divided by whole numbers and whole humbers divided ;b{2)miefrelcjioms)
understanding of and fluency wigioddf multidigit whole numbe{8) developing understanding of and fluency
with addition, subtraction, multiplication, and division of dedifdaldeveloping understanding of volume.

(1) Students apply their understanding of fractionemamaoitlats to represent the addition and subtraction of
fractions with unlike denominators as equivalent calculations with like denominators. Thewg develop fluency
calculatingumanddifferences fshctionsand makeasonable estimatéseni Stueénts also use the meaning
of fractions, of multiplication and division, and the inverse relationship between multiplication and division to
understand and explain why the procedures for multiplying and dividing fractigheteatkéssisrisrited
to the case of dividing fractions by whole numbers and whole numbers by unit fractions

(2) Studentdevelop fluenajthdivision ofvhole numbers; understand why procedures workhmsed on
meaning of baea notatioand properties of operatiomsyathese procedutesolve problems. Based on the
context of a problem situation, they select the most useful form of the quotient for the answer and interpret it
appropriately.

(3) Students apply their understandings of models for decinmagtag@mabropertie$ operatiorie
compute sums and differences afdaiitels. They develop flueribgse computaticars] make reasonable
estimates thfeir resudt Students use the relationship between decimals and fractitmes rektisishgp
between finite decimals and whole numbers (i.e., a finite decimal multiplied by an appropriate power of 10 is a v
number), to understand and explain why the procedures for multiplyindimitetidimialg make sense.
Theycompte products and quotients of diedienals efficiently and accurately.

(4) Students recognize volume as an attributedmhémsenal space. They understand that volume can be
quantified by finding the total number efizsameits of volume nexglito fill the space without gaps or sverlap
They understand thauaii by dunit by dunit cube is the standard unit for measuring volume. They select
appropriate units, strategies, and tools for solving problems that involve estimatingaduchenddwyi
decompose thidienensional shapes and find voluigletsesdtangular prisms by viewing them as decomposed
into layers of arrays of cubes. They measure necessary attributes of shapes in order to determine volumes to s
problems.

Common Core State Standards | Mathematics | Grade 5 26



NumberfiBase Ten 5-NBT

Whole numbersin base ten

1. Compute quotientswé-, three, and foudigitwholenumberandwo-digitwholenumbers usistfategies based on
place valutheproperties afperations, aod the inverse relationship between ivatitipl and divisi@xplain the
reasoning used.

2. Explain why division strategies and algorithms work, using place praloertesl difgerationsncludexplanations
supported by drawings, equatitiisrange of reasonably effiGtamsatgay be cometemhly the standard algorithm

3. Use the standard algoritttompute quotientdwb-, three and foudigitwholenumberandwo-digitwhole
numbers, expresdimgresultaisan equatide.g.,145 = 1B 13 + 2or 120 7 = 171/7).
4. Fluently add, subtract and multiply whole numbers using the standard algorithm for each operation.

Decimal concepts

5. Read, writeand companeimbers expressedieatmaldJnderstand thatigit in one place represents ten times what it
representa the place to its rigkdr example, 7 ihuhdredthisice represents 18g¢imanry7am théhousandiiace

6. Round decimals (to hundredths) to the nearest whole number.
7. Write fractions in decimal notatidnafttions wittlenominators 2,5, 8, 10and 100.

Operations ondecimals

8. Understand that in adding or subtfagtedgcimals, one adds or subtracts like units (tenths and tenths, hundredths and
hundredths, etahd sometimes it is necessary to compose or decomposgalhigher val

9. Fluently find 0.1 more than a number and less than a number; 0.01 more than a number and less than a number; and
more than a number and less than g farmherbers expressdhidsdecimals

10.Compute sums and differences of fimitalslbgi expressing the decimals as fractions and addingFbe fractions
example, 0.05 + 0.91 = 5/100 + 91/100 = 96/100 or 0.96.

11.Compute sums, differences, products, and quotientieoiifiaiseusing strategies based on place value, the properties
of operationandfor the inverse relationstbgween addition and subtraction and between multiplication;and division

explain the reasoning.u#sadexample, transform.B.tito 163 = 5.

12.Explain why strategies and algorittoosfartationstiifinitedecimalaork Include explanations supported by drawings,
equatigre bothA range of reasonably efficient algorithms mayydrdyctheestahndard algorithm.

13.Use the standard algorithm for each of the four operations onhiewinealth§io
14.Solve word problems involwpagations alecimals.

NumberfiFractions 5-NF

Fraction equivalence
1. *Understand fraction equivalence:

b. Equivalent fractions correspond to the samegpoimtban lindn Grade 5, all numbers lines begin with zero.
¢. When the numerators of eguitvithctions are divided bydbaominators, tresultinguotients are the same.
2. ldentify pairs of equivalent fractions; given two fractions with unlike denominators, find two fractions with the same
denominator and equivalent to each.

3. Compare andder fractions with like or unlike denominatonsy éirgding equivalent fractions with the same
denominatpand dscribe the soé fractional quantities from a context with reference to the amopime .utireg

Operations on fractions

4. Understand thatms and differencesaofibns with unlike denominators campeéedby replacing each with an
equivalent fraction so that the resulting fractioresdaave denominakar example, 2/3 + 5/4 = 8/12 + 15/12 =
23/12.

5. Compute sums and differentrestidns with like unlikedlenominators, and solve word problems irdulitiog
and subtraction of fractiBemate fraction sums and differ@asssds the reasonableness of results

6. * Understand that multiplying a fract@ibimgans takiagarts of a decomposition of the fractibadotd parts.
For exampéemultipB/3 2 4/5 = 8/15, one magadmpose a whole of size 4/5 ingar&eeaeh part has size 4/15. Two
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of these partsrthek®/15, s®/3 = 4/5 = 8/15. (In general, a/p/q = ap/bg.Thistandamdcludes multiplication of a
whole number by a fraction, by writing the whole number as fraction with denominator 1.

7. Understand theite area of a rectamgtle side lengthandd dis the produatb: p/q. Thisextends the area
formula for rectangles to fractional side lengthsakbmdsafsoducts of fractions to be represented visually as areas of
rectangles.

modelsand story contexts.
9. Understand division of unit fractions by whole nundbgssoanafvhole numbers by unit frastio

a. Dividing a unit fractibtb by a whole numizeesults in a smaller unit frattianb. For example, 1/3 +2 =1/6
because when 1/3 is divided into 2 equal parts, the size; @ gaabfppolisdl/6heetwred between two people
will give each person a sixth ofsautiek inverse relationship between multiplicatléd -ar2d=divSion:
because ¥@ = 1/3.)

b. Dividing a whole numaby a unit fractidrb results in a greater whole nuantieFor example, 23-= 6
because 6 is the number of MBpanrds of chvedlsaake six portibaghird of a pound éigihg the inverse
relationship between multiplication afd-dil8sioé:because B3 = 2.)

10.Calculate products of fractamsguotients of unit fractione@rmkrevhole numbers (with either as divisor), and
solve word problems involving these operations. Represent these opepaiimssrsmgodelsind length
models.

11.Understand thath&ed number such as 3&besenthe sum of a whole number and a fraction less than one. Because
a whole numbegin be representeal faaction (3 = 3/1), and the sum of two fractions is also a fraction, a mixed number
also represeatfraction (3 2/5 =3 + 2/5 = 15/5 + 2#517/5). Write fractions as equivalent mixed numbers and
vice versa.

8. “Explairand justiftheproperties of operatiwith fraction®.g, byusingquationsilumber lineepresentatiqresea

Measurement and Data 5-MD

Units of measure

1. Understand thatamtities expressed in like units can be added or subtracted giving a sum or difference with the same u
different quariés may be multiplied to obtain a new kind of quantity (e.g., as when two lengths are multiplied to
compute an area, or when an area and a length are multiplied to compute a volume).

2. Understand thalh@n measuring a quantity, if a smaller unit is eseuf{smoust be iterated to measure the quantity
in those units.

3. Convert among differsized standard measurement units within a given measuremenfesisteryafes.
centimeters to meters) and use conversion in solsteg maoitl problems
Volume
4. Understand concepts of volume measurement:

a A cube with side Il ength 1 wunit (a unit cube) is sa
volume.
b. The volume of a right rectangular prism withinvhsilde lengths can beadfbympacking it with unit cubes and
using multiplication to count their nufidmeexample, decomposing a right rectangular prism 3 length units wide by 5
deep by 2 units tall shatesdhahe is 33 2 cubic units. The base of thegpeiard hiaguare units, so the volume
can also be expressed as the height times the area of the base.
¢. When measuringaddumeif a smaller unit is used, more units must be iterated to meksudn thwse units.
d. If a solid figure is decompos®deveral disjoint pieces, then the volume enclosed by the figure can be found by
adding the volumes of the pieces (when these volumes are expressed in the same units)
5. Decomposgghtrectangular prisms into layers of arrays; akteimemie and cparevolumes of rigtectangular
prismsand objects well describedhsectangular prisrbg countingubiaunits (using énm?, ir?, ft, and
improvised units).

Representing and interpreting data

this grade tolge problems involvingrimiation presented in dot gfatsexamjieen different measurements of liquid in
identical bealferd thamount of liquid baaker would contain if the total amount in all the beakers were redistributed equz

Geometry 5-G

Coordinates
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1. Understand that a pair of perpendicular number lines, called axes, defines a coordinate system.
a. Their intersection is called the origirly asw@aiged to coincidénh the 0 on each line.

b. A given point in the plane can be located by using an ordered pair of numbers, called its coordinates. The first nui
indicates how far to travel from the origin in the direction of one axisiuineeautidates how far to travel
in the direction of the second axis.

c. To avoid ambiguity, conventions dictate that the names of the two axes and the coordinatesaasrespond (e.g.,
andxcoordinatgraxis angcoordinate).

2. Graph points in thetfiquadrant of the coordinate plane, and identify the coordinates of gvdpbesl qroieted
pairs arise in a problem situation, interpret the coordinate values in the context of the situation.

Plane figures

3. Understand thabperties belonging tmtegory of plane figures also belong to all subcategories of fat category.
exampld]rectangles have four right angles and squareseltsqeataadiase four right angles.

4. Classifplane figures in a hierdoelsgd on properties.
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Mathematics | Grade 6

In Gades, instructional time should fonusur critical areéls: connecting ratio and rate to whole number
multiplication and divisi@) developing understanding of and fluency with division of fractions and developing
fluency with multiplication of fracti(8)sdeveloping understanding of and using formulas to determine areas of
two-dimensional shapes and distinguishing between volume and surfadereresiaidhsbappes (4)
writing, interpreting, and uskpgressions and equations.

(1) Students use reasoning about multiplication and division with quantities to solve ratio and rate problems. E
viewing equivalent ratios and rates as deriving from, and extending, pairs of rows (or columnshin the multiplicat
table, and by analyzing simple drawings that indicate the relative size of quantities, students extend whole num
multiplication and division to ratios and rates. Thus students expand their repertoires of problems in which
multiplication and divisian be used to solve problems, and they build on their understanding of fractions to
understand ratios. Students solve a wide variety of problems involving ratios and rates.

(2) Students use the meaning of fractions, the meanings of multiplisiatio@addhdihverse relationship
between multiplication and division to understand and explain why the procedures for dividing fractions make st
Students are able to add, subtract, multiply, and divide fractiams fusmthese operatimwve problems,
including mulsitep problems and problems involving measurement.

(3) Students reason about relationships among shapes to determine area and surface area. They find areas ¢
triangles, other triangles, and special quadrilateratgpbgidg these shapes, rearranging or removing pieces,
and relating the shapes to rectangles. Using these methods, students discuss, develop, and justify formulas for
triangles and parallelograms. Students find areas of polygons araf ptidiacseaareg@yramids by
decomposition into pieces whose area they can determine.

(4) Students write mathematical expressions and equations that correspond to given situations, they evaluate
expressions, and they use expressions and formulabtersslv&tudents understaralvhetble is a letter
standing for a numbdrere the number is unknown, or where, for the purpose at hand, it can be any number in
the domain of interedttudents understand that expressions in different fa@qsvwdaneand thsg the
compactly or to feature different information). Students know that the solutions of an etyestiohthee the va
variables that make the equation true. Students use properties of operations and the idea of maintaining the ec
of both sides of an equation to solve sirsf#p eqaations. Students construct and analyze tables, such as tables
of quatities that are in equivalent ratios, and they use equatioxs BtchiascBibe relationships in a table.

Having represented and analyzed3tatekdb, students Gradd begin a serious engagement with
statistics. The study of vanaibilttatdistinguishesatistics from mathematics. Students beginning their study of
variability must first recognize statistical questions as those that anticipate variability in the answers. From this
conceptual beginning, they learn to descritrararizeulistributions offdata activity that goes beyond
merely computing summary statistics to include assessing the shape of a distribution and considering other isst
described in the standards.
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Ratios and Proportional Relationships 6-RP

Ratios

1. Understantthe concept of a ratiwoTquantities are said to be in a atiddofhen for eveaunits of the first
guantity there dranits of the secoRdr example, in a flock of birds, the ratio of wings to beaks migit 8ls@ to 1; this ratio
written 2:InGadé, limit to ratios of whole numbers.

2. Make tables of equivalent ratios relating quihtitieslenumber measuremgiitsl missing values in the tables, and
plotthepairs ofalues on the coordinate plane.

3. Solve for amknown quantity in a problem involving two equal ratios.

4. Describe categorical data sets using ratios (e.g., for every vote candidate A received, candidate C received nearly thr
votes; theatio of type O blood donors to type B blood donofs was 9:2

Unit rates

5. Understand that for a mhathe corresponding unit reéffepisf there araunits of the first quantity for dwenjts

of the second, whire0, then there a¥punits of the first quantity for 1 unit of the dJemoaedample récpe has a
ratio of 3 cups of flour to 4 cups of sugar, then there is 3/4 cup of flour for each cup of sugar.

6. * Solve unit rate problems including unit pricing and constaciusirgdeasoning with equations daat? asr
=dt=d-r.

The Number System 6-NS

Operations
1. Understand thaeproperties. of operatiapply to, and can be used with, addition and multipfreation®

2. Understand thavidiorof fractions is defined by vieaingptient as the solutioarfonknow-factor multiplication
problem.For example, (2/8/7) = 14/15 because (5(2¢/15) = (2/3).

3. Solvevordproblems regingarithmetic witfractionsusing thproperties of operatiangconverting between forms

as appropriatestimato checkeasonableness of answers.
4. Fluently divide whole numbers using the standard algorithm.

5. Understand that a number is a point on the number line.

6. Understand thahse quantities have oppdisitetionssuch as elevation abuvéelow sea level or money received
and spent. These quantities can be described using positive and negative numbers.

7. Understand thatmber lirsfamiliar from previous grades can be extended to represent negative numbers to the left of
zeroNumberéns can al so be vertically oriented, as when a
and oto the |l eft of 006 conventionally become O0above

a. Two different numbers, such aso7 ahét are equidistaoif zero oanumber line are said to be opposites of
one another. The opposite of the opposite of a number is the numb&b&¥self3 eTdhe opposite of Q is 0

b. Theabsolute value of a numplveritten |q, is its distance from zero, and igsahmasitive or zero.

¢. Fractions and their opposites form a system of numbenmatahedihenberepresented by pointa on

d. Previous wa of comparing positive numbers can be extendabatinemberBhe statemgmt gmeans
thatpis located to the rightjohanumber line, whipe< gmeans thpts located to the lefgohanumber line.
Comparisons can also be meshkesbging appropriately about signed quantis §F.gnakes sense because
03°C is a higher temperaturedit&). The way two numbers compare does not always agree with the way their
absolute values comparexampled3 > 987, but |03 < | 87|

8. Findand positiaational numberacludingntegersonanumber line.

9. Userational numbemsdescribe quantities such as elevation, temperature, account balance and so on. Compare these
guantitiegecording the results of compauisiogs> and symbols.

10.Graph points and identify coordinates of points on the coordinate plane in all\itherguaidiered.pairs arise in
a problem situation, interpret the coordinate values in the context of the situation.
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Expressions and Equations 6-EE

Expressions

1.

4.

Understand that expressioacordsperatioswith numbeia with letters standing for numbBersexamihe
expressio@@+ 7yecorasiding 8 and 7 then multiplying by 2; the éymexssigsbfracting y frofobus dret
operationadtlitn, subtraction, multiplicatimisiodyith some attentisguiare or cube roots.
Understanttie use afariables in expressimlsalgebraic conventions
a. Aletter is used to stand for a number in an expression i ¢chsesuwiter is unknown, or where, for the
purpose at hand, it can be any nuith@miain of interest. Such a letter is called a variable.

b. If a variable appears in an expression more than once+&ty, tlaatinariable is understood tatoefes
same number in each instance.

¢. The multiplication symtenh bemitted when writingopuct®f two or more variables or of a number and a
variableFor example, the exprgasb@andicates y and 2a, respectively
Describe the struetand elemend$ simple expressions using correct terminology (sum, term, product, factor,
guotient, coefficient); desaibexpression by viewing one or more of its parts as a skwyiexmtiplescritee
expressib@8+ 7)asa produof tweactordy viewing{8) as a single effiity.secdactois itself a sum of two terms.
Understand and generate equivalent expressions:
a. Understand thatd expressions are equivbtbay name the same number regardless of whicth@umbers
variableis thenstand fofor example, the expressions x + 3 and 4x are not equivalent, even though they happen to
same number in the case when x stands for 1.

b. Understand thaipdying thlaws of arithmet@an expression results égaivalent expresskeor. example,

the equivalent expression 3y.
c. Generate equivalent expressiogistéoprethemeaningf an expressiéior exam@et 3t records the addition of

expresstam be reinterpreted as feainewtigeiantity

Quantitative relationshipsand the algebraic approach to problems

5.

Understand that equation is a statementwbatxpressions are equal, and a solution to an equation is a replacement
value of the variable (or replacement values for all the variables if there is more than one) that makes the equation tru

Usinghe idea of maintaining eqbelityeeboth sidexf the equatipsolveequations of the fortp= gandox= q
for cases in whiglgandxare all nonnegatiggonal numbers

Chooseariables to represent quantities in a word, Enothleomstrusimpleexpressions @éguations to solve the
prdblem by reasoning about the quantities.

Understand thet/ariable can be used to represent a quantity that can change, often in relationship to another changing
guantityandan equation can express one quantity, thought of as the dependesrmsuddloltendquantities,

thought of as the independent vargleserrelationship between two quant#iegquations, grapasd

tables; translate between any two of these represamtakiangple, describe thaserqusrnce3 §, 9, 12 ... of

multiples obBwritinfpeequation t3nf or n = 1, 2, 3, 4 é .

Geometry 6-G

Properties of area, surface areand volume

1.

o

Understand thdape figures can be decomposed, reassembled, and completed into new figurgse use this techni
derive area formulas.

Find the areas enclosed by right triangles, other triangles, special quadrilaterals,camiposiygoinso(by
rectangles decomposing into triangles and other shapes).

Understand thatréedimensional figures caprpeeid bjoiningrectangles and triangles along their edges to enclose a
solid region with no gapsverlapd he surface area is the sum of the areas of the enclosing rectangles and triangles

Find the surface area of cubes, prisms and pyramttie (iselad@ets to represent these figures).
Solve problems involving area, volume and surface area of objects.

Give examples of right rectangular prisms with the same surface area and different volumes, and with the same volun
different surface area
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7. *Use exponents and symbols for square roots and cube roots to express the area of a square and volume of a cube i
of their side lengths, and to express their side lengths in terms of their area or volume.

Statistics and Probability 6-SP

Variability and measures of center

1. Understand thadtatistical question is one that anticipates variability in the data related to the question and accounts fol
inthe answelsor exampl e, OHow o, dbuwtm d Hadwdiesl tdsodir rea nsh estcshotoil «
guestion becausanticipat@sability mt u dgesnt s &

2. Understand thaget of dagenerated by answers to a statistical typéstipnshows varialfilihot all of the values
are the safmend yet a&#h the values show an overall pattern, often with a tendency to cluster.

the total of the data values were redistributed fairly, and in the sendmthaté mihtof a data distribution
shown on a dot plot.

Summarizing and describing distributions
3. Display numerical data in plaswumber line, including dot plots, histogmaanisox plots.
4. Summarize numerical data sets, such as by:
a. Reporting the number of observations.
b. Describing the nature of the variahleling how it was measured and its units of med3ataseistcan include
fractional values at this grade but not negative values.
c. Describing center and variation, as well as describing any overall pattern and any striking devidtions from the ove
pattern.

5. Relate the choice of the median or mean as a measure of center to the shape of the data distribution being described
conext in which it is being uBedthe same for the choioaesfjuartile rangemean averaggviatn as a neae
of variationFor example, why are housing prices often summarized by reporting the snediad sslingdsrice, while
grades are often basedhomeeartores?
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Mathematics | Grade 7

In Gadey, instructional time should fonfsur critical areg%) developing understanding of and applying
proprtional relationships; (2) developing understanding of operations with rational numbers and solving linear
equationg3)analyzing twand thredimensional space and figures stsingediangle, similarity, and
congruence; af#l drawing inferences abquilptions based on samples.

(1) Students extend their understanding of ratios and develop understanding of proportionaditdto solve single
multistep problems. Studenttheseunderstanding of ratios and proportionality to solve a wide variety of percent
problems, including those involving discounts, interest, taxes, tips, and percent increase or decrease. Students
problems about similar objects (indedimgtriigures) by using scale factors that relate corresponding lengths
between the objects or by using the fact that relationships of lengths within an object are preserved in similar ok
Students graph proportional relationships and understaate findoamially as a measure of the steepness of the
related linesalledhe slope. They distinguish proportional relationships from other relationships.

(2) Students develop a unified understanding of number, recognizing fractions, deciraaldjferénqtercents
representationgatfionahumbex Students extend addition, subtraction, multiplication, and division and their
properties to all rational numbers, including artdgennbers represented by complex fractions and negative
fractionsByapplyinghe lawsf arithmetic, and by viewing negative numbers in terms of everyday, contexts (e.g.
amounts owed or temperatures below zero), students explain why the rules for adding, subtracting, multiplying,
dividing with negative numbers make Fkay use the arithmetic of rational numbers as they formulate and solve
linear equations in one variable and use these equations to solve problems.

(3) Students use ideas about distance and angles, how they behave under dilationgrisaasthtions, rotat
reflections, and ideas about congruence and similarity to describe and analyze figures aaddstituaons in two
dimensional space and to solve problems, includiag proltlems. Students prove that various configurations
of lines gévrise to similar triangles because of the angles created when a transversal cuts parallel lines. Student:
this reasoning about similar triangles to solve problems, such as finding heights and distances. Students see th
plausibility of the formditaghe circumference and area of a circle. For example, in the case of area, they may do
by reasoning about how lengths and areas scale in similar figures or by deconepsilag i@ giaiel
rearranging the pieces

(4) Students build bait previous work with sidgledistributions to compare two data distributions and
address questions about diffdsetveesn populations. They begin informal work with random sampling to
generate data sets and learn about the importanceatfwegaspies for drawing inferences.
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Ratios and Proportional Relationships 7-RP

Analyzing proportional relationships

in eack hour; the unit rate for this ratio is (1/2)/(1/4) miles per hour, equivalently 2 miles per hourateakide ratios of len
and other quantities, including when quantities being compared are measured in different units.

2. Recognize situations inhativiz quantitiesvaryanchave a constant tgfilie quantitiasethensaid to bie a
proportional relationsaim the unit rate is called the constant of proporitatieywhether two quantities that
covaryare ira proportional relationshig, by testing for equivalent ratios or graphing on a coordinate plane.

3. Compute unit rates and gotygortional relationspipblems in everyday contexts, such as shopping, cooking,
carpentry, party planning,Répresemproportional relationsip equations that express how the quantities are
related via the constant of proportionality or uRd@rrei@mple, total cost, t, is proportional to the number, n, purchased at
constant prigéhis relationship carpressed as t = pn

4. Plotproportional relationshipsa coordinate plane where each axis represents one of the two quantities involved,
observe that the graph is a straight line through #reddiiglrynit rates from a graph. Explain whakajpoint (
means in terms df #ituation, with special attention to the points (0, G) esei@ js the unit rate

5. Compartablg graph formula diagrasyand verbal descripditvat represent or partially reprpsgmortional
relationshipsxplain correspondencesgthenepresentations including hawithate is showneach.

Percent
6. Understand tharpentages are rates per 100. For example, 30% of a quaditibptneemshe quantity. A

7. Finda percentage of a quantity; solve problems involving finding the whole given a part and the percentage.

8. Solve multistep percent probEExasnplegnple interest, tax, mardupskdowns, gratuities and commissions, fees, percent
increasadlecregercent error, expressing monthly rent as a fencenfaye of take

The Number System 7-NS

The system ofational numbers
1. Understand thae rules for manipulating fractions extemdptiex fractians
2. Understanahd performdditiorandsubtratonwithrational numbers
a. Understand thatanumber line, the spm qis the number located a distgniter p, to the right gfif gis

b. Compute surafsigned numbers usin@gigeof arithmetior example, (83) = 4 because (@3) =

(4+ 3)+ (33) =4+ [3+ @3)] =4+ [0] = 4.
¢. Understand that subtractioatiohal numbessdefined by viewing a differerte sdution of an unknown
addend addition problem. Subtraction of a rational number gives the same answer as adding its additive inverse.

d. Explain and justify rules for addohgubtractingtional numberssinganumber linand practical contekisr.
example, retatdds) = B s to a bank transaction; explaéifgwhs) g @ qor.

e. Understand thaeadditive inverséa sum is the sum ocadlditive inverséisat i$(p+ q) = dp+ dq. For
exampl&6+ 62) = 06)+ 2 because-[@2) + [(06)+ 2] = [6+ (06)] + [ ©2)+ 2] = [0]+ [0] = 0.
3. Understand and perform multiplication and divisiatiowéithnumbers
a. Understand that the extension of multiplication from freatiiomal taumbessdetermined by the requirement

. nonrzero divisor) isational numhdf p/ qis aational numhehend(p' g = (6p/ q= p/( d9).

c. Calculate products and quotiematsoofal numbers, andnugkiplication and division to solve word problems
Include signed quantities.

rational and irrational numbers fomaaheumbesystem. In school mathemtitereal numbease assumed to
satisfy the laws of arithmetic.

Expressions and Equations 7-EE

Common Core State Standards | Mathematics | Grade 7 35



Expressions

1. Interpret numerical expressions at a level necessary to calculate their value using a calculator or spreadsheet. For
expressions with variabesand interpret conventions of agelationsuch ag2 isy+ 2 or 1/2x y, (3x y)/5 is
(3xy) +5o0r1/5x (3 +y); Zisax g &isax ax g abisax ax h

2. Generate equivalent expressions from a given expression usinghheetananof @ritventiohalgebraic
notationinclude:

a. Adding and subtracting linear expressiof@z + 3) + X+ (20X = 2x+ 5.
b. Factoring, as in#dy= 4(x+ y) or5x+ 7x+ 10/+ 1dy= 12x+ 24y= 12K+ 2y).
c. Simplifying, asdB(3 8 5) + &= 1008 2xorx¥3 + (x02)/4 = 7412 6 1/2.

Quantitative relationshipsand the algebraic approach to problems

3. Chooseariables to represent quantities in a word, Enothleomstrusimple equations to solve the problem by
reasoning about the quantitie

a. Solve wordroblems leading to equations of thexfogw r anda(x+ g =r, wherep, g and are nonnegative
rational numbers and the solution is a nonnegative rational number. éduatitnsalivthese forms,lBg.
undoing the opeoai$ involved in producing the expression on the left.

b. Solve the same word problem arithmaticbhlgebraicalyo r e x ampl e, 0J .5sihges 4 packaeé
balloons.Inklle has 21 ball oons. H chig prablem arithietidally using a seguenee of n
operations on the given numbers), and also solve it by using a variable to stand for the nurstsectiidpalloons in a pe
an equation such as 4b +tb de&kribe the situation thenesetyiatidh

c. Understand that rewriting an expression in different forms in a problem context can shed light on the problem and
how the quantities initarereletedt e x amp | e, P + 0.05P = 1.05P means |
1.056

Geometry 7-G

Congruence and similarity

1. Verify experimentally the fact that a rigid motion (a sequence of rotations, reflections, and translatioas) preserves dist:
and angle, e.by using physical models, transparencies, or dynamic geometry softwar
a. Lines are taken to lines, and line segments to line segments of the same length.
b. Angles are taken to angles of the same measure.
c. Parallel lines are taken to parallel lines.
2. Understand the meaning of congruence: a plane figure is congruethécsanotitecén be obtained from the first by a rigid
motion.
3. Verify experimentally that a dilation with scalepfasterves lines and angle measure, but takes a line segmtmadilength
segment of length
4. Understand the meaning ofriiynidaplane figure is similar to another if the second can be obtained from the first by a similarity
transformation (a rigid motion followed by a dilation).
5. Solve problems involving similar figures and scald nciwdegsomputing actual lehgteasaftom a scale drawing and
reproducing a scale drawing at a different scale.
6. Use informal arguments involving approximation by lines, squares, and cubes to see that a similarity tralesfactoatdn with a sc
kleaves angle measures uncharages lengths by a fadtarhainges areas by a fastpanél changes volumes by a faétor of
7. Know the formulas relating the area, radius and circumference of a circle and solve problems requiring ltéee gse @frthese formu
informal érivation of the relationship between the circumference and area of a circle.
Angles

8. Justify facts about the angle sum of triangles, exterior angles, and alternate interior angles createcwhehyparallel lines ar
transversal, e.by ing physlaaodels, transparencies, or dynamic geometry software to make rigid motions and give informal
argumentg:or example, arrange three copies of the same triangle sappetitterthradimegesl give an argument in terms of
transversdly this is so.

9. Use facts about supplementary, complementary, vertical, and adjacent sstglepiotdemuit write and solve simple
equations for an unknown angle in a figure.
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Statistics and Probability 7-SP

Situations involving randomness

1.

2.

Simudte situations involving randomness using random numbers generated by a calculator or a spreadsheet or taken
tableFor example, if you guess at all ten true/false questions on a quiz, how likely are you to get at least seven answe
Use poportional reasoning to predict relative frequencies of outcomes for situations involving randomness, but for whi
theoretical answer can be deterfore’ample, when rolling a number cube 600 times, one would predict that a 3 or 6 w
be rolledughly 200 times, but probably not exactly 200 times. How far off midghde/tectpreldigfiderges?

multiple samples to approximate a distribution of sample proportions. Repeat the process for smaller sample sizes.

Random sampling to drav inferences about a population

3.

Understand th#atistics can be used to gain information about a population by exanohihg acantgtien
generalizatioakout a population from a samgplalid only if the sample is representativepfidtam
Understand thaindom sampling tends to produce representative samples and support valid inferences.

Understand the importance of measures of variation in sample quantities (like means reagmpogiabsyi
how well a sample dilyestimates or predicts the corresponding population quantity.

Use data from a random sample to draw inferences about a population with an unknown characteristic of interest.
Generate multiple samples (or simulated samples) of the same szat@tengstimates or predictidis.

example, estimate the mean word length in a book by randomly sampling wordsmenf ahechooke [eetitict ased

on randomly sampled sur@Gygkatsow fathafstimate or predianight be.

Comparative inferences about two populations

6.

Informally assess the degree of visual overlap of two numerical data distributions with similar variabilities, measuring t
difference between the centers by expressing it as a multiple of zanaaititz-or example, the mean height of

players on the basketball team is 10 cm greater than the mean height of players on the sotgdnteam, about twice the
average deviation) on either team; on a dot plot, thenskepdvadisinibetiweBheighitsnoticeable.

Use measures of center and measures of variability for numerical data from uniform random samples to draw informa
comparative inferences about two popHati@example, decide whether thehaptds af a segeate book are

generally longer than the words in a chagtedeflzosixth

Common Core State Standards | Mathematics | Grade 7 37



Mathematics | Grade 8

InGrade, instructional time should focus on threeacdtigd) solving linear equations and systems of linear
equatios (2) graspinthe concept of a function and using functions to describe quantitativg3elationships;
understanding and applyirgythagorean Thearem

(1) Students use linear equations, and systems of linear equations to represehigansbizetyanid s
problems. Students recognize propgftionmpry= m) as a special case of linear equatiomns,b,
understanding that the constant of proportigrialitye(slope and the graphs are lines through the origin. They
understad that the slopg Of a line is a constant rate of change, so that if tkeagpdinate changes by an
amoun#, the output grcoordinate changes by the amABiudents also formulate and solve linear equations
in one variable and usedogations to solve problems. Studentsaals®asequation to describe the
association between two quantities in a data set (such as arm span vs. height for students in a classroom). At tl
grade, fitting the modeid assessing its fit to theadatone informally. Interpreting the model in the context of
the data requires students to express a relationship between the two quantities in question.

Students strategically choose and efficiently implement procedures to solve lineavadgaialiions in one
understanding that when they use the properties ahddhalitpncept of logical equivdlencmaintain the
solutions of the original equation. Students solve systems of two linear equations in two variables and relate the
systems taips of lines in the pldheséntersect, are parallel, or are the same line. Students use linear equations,
systems of linear equations, linear functions, and their understanding of slope of a line to analyze situations anc
problems.

(2) Studesgrasp the concept of a function as a rule that assigns to each element of its dele@ientxactly one
ofits range. They use function notation and understand that functions describe situations where one quantity
determines another. Theyraaslatamong verbal, tabular, graphical, and algebraic representations of functions
(noting that tabular and graphical representations are usually only partial representations), and they describe h
aspects of the functignreflected in the different repagisers.

(3) Students understand the statememydhéywrean Theosmd its converaad can explain why the
Pythagorean Theorem is valid, for example, by decomposing a square in two different ways. They apply the
Pythagorean Theorem to findatistaetween points on the coordinate plane, to find lengths, and to analyze
polygons.
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The Number System 8NS

The system of reahumbers
1. Understand informally that every numbeumiber line has a decimal expansion, which can be found for rational
numbers using long division. Rational numbers are those with repeating dediimaliaghatesdirste decimals
which have an expansion that ends in a sequence of zeros)
2. Informally explain W@ is irrational.
3. Use rational approximationadiimg those obtained from truncating decimal expansions) to compare the size of

irrational numbers, locate them approximately on a number line, and estimate the value gfp@xfessions (e.g.
example, show that the square root of 2 is héterdetiveed 2.4 and 1.5, and explain how to continue on to get better
approximations.

Expressions and Equations 8-EE

Linear equationsin one variable
1. Understand that a linear equation in one variable might have one solution, infinitely mengdotidimns, o
Which of these possibilities is the case can be determined by successively transforming the given equation into simple
forms, until an equivalent equation of the=faya~ a, ora= bresults (wheesmndbare different numbers).
2. Sdve linear equations with rational number coefficients, including equations that require expanding expressions using
distributive law and collecting like terms.

Linear equations in two variables
3. Understand that the slope ofzentical line in theardinate plane has time shuefor anytwodstinct pointssed to
compute it. This can be seen using similar triangles.
4. Understand that two lines withdeéhed slopes are parallel if and only if their slopes are equal.
5. Understand that the graphiokar equation in two variables is a line, the set of pairs of numbers satisfying the equation.

If the equation is in the fprnmx+ b the graph can be obtained by shifting theygraphydfunits (upwardshis
positive, downwardbignegative). The slope of the line is

6. Understand that a proportional relationship between two variabyandesditibe represented by the eqmation
mx The constamiis the unit rate, and tells how mygieotinit ok

7. Graph proportionmalationships and relationships defined by a linear equation; find the slope and interpret the slope in
context.

8. Compare two different proportional relationships represented in differeaekarapte, comgliataratenegraph to
adistangame=quation to determine whichoefriglmects has greater speed.

Systems of linear equations

9. Understand that solutions to a system of two linear equations in two variables correspond to points of intersection of t
graphs, because points of itiemssatisfy both equations simultaneously

10.Solve systems of two linear equations in two variables algebraically, and estimate solutions by graphing the equation:
simple cases by inspe&m@mrexam@e+ 2y = 5 and 3x + 2y = 6 have nolzaedatise the quantity 3x + 2y cannot
simultaneously be 5 and 6.

11.Solveand explaimord problems leading tolimear equations in two variables.

12.Solve problems involving lines and their edtatexemmple, decide whether a point with giles aooheitiatgvith
a given equation; construct an equation for a line given two points on the line or one point fodhwe shinge; given coordil
of points, determine whether the line through the first pair of pointsugteteectedhadipaitr

Functions 8F

Function concepts

1. Understand that a function from one set (called the domain) to another set (called the range) is a rule that assigns to ¢
element of the domain (an input) exactly one element of the rargpo(timgaugput). The graph of a function is
the set of ordered pairs consisting of an input and the correspoRdimgfiontpatation is not required in Grade 8.

2. Evaluate expressions that define functions, and solve equations to findtthermgspigsitto a given output.

3. Compare properties of two functions represented in different ways (algebraically, graphically, numerically in tables, or
verbal descriptiorsr example, given a linear function represented by a tiidaofuraities eeqar@sented by an
algebraic expression, determine which function has the greater rate of change.
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4. Understand that a function is linear if it can be expressedyin thetfoonif its graph is a straightHioeexample,
the functig= »is not a linear function because its graph containg@hel paimtis(Q10)) which are not on a straight line.

Functional relationships between quantities
5. Understand thahttionsardescribe situations where one quantity detaottires a
6. Construct a function to model a linear relationship between two quantities. Determine the rate of change and initial va
of the function from a description of a relationship; froyh walo€sncluding reading these from a table; or from a

graphinterpret the rate of change and initial value of a linear function in terms of the situation it models, and in terms c
its graph or a table of values.

7. Describe qualitatively the functional relationship between two quantities by reagjwgheeigraipd fienction is
increasing or decreasimgar or nonlingaBketch a graph that exhibits the qualitative features of a function that has
been described verbally.

Geometry 8G

Congruence and similarity
1. Use coordinate grids to transfonmmedfignd to predict the effect of dilations, translations, rotations and reflections.
2. Explaiusing rigid motiothee meaning of congruence for triangles as the equality of all pair of sides and all pairs of angle

3. Giveaninformal explanatiesing rigichotion®f the SAS and ASA criteria for triangle congruence, and use them to
provesimpleheorems.

4. Explairusing similarity transformattemsneaning of similarity for triangles as the equality of all pairs of angles and the
proportionality of all isadf sides.

5. Give an informatplanatiomsing similarity transformatibtisee AA and SAieda for triangle similarityd aise
them to prove simple theorems.

The Pythagorean Theorem

6. The side lengths of a right triangle are relat®ytmagoes TheorenConversely, if the side lengths of a triangle
satisfy theythagorean Thearéns a right triangle.

7. Explain a proof of the Pythagorean Theorem and its converse.

8. Use the Pythagorean Theorem to determine unknown side lengthsés egtttyiaalyle problems in two and three
dimensions.
9. Use the Pythagorean Theorem to find the distance between two points in a coordinate system.

Plane and solid geometry

10.Draw (freehand, with ruler and protractor, and with technology) geometrigysrepesrithtions. Focus on
constructing triangles from three measures of angles or sides, noticing when the triangle is uniquely defined, ambiguo
defined or nonexistent.

11.Understand théitimg a thregimensional figure with a plane producetinaemsional figuigescribe plane sections
of right rectangular prisms and right rectangular pyramids.

12.Use handam activities to demonstrate and describe properties of: parallel lines in space, the line perpendicular to a giv:
line through a given pdings perpendicular to a given plane, lines parallel to a given plane, the plane or planes passing
through three given points, and the plane perpendicular to a given line at a given point.

Statistics and Probability 8-sp

Patterns of association in bivaria data
1. Understand that scaitets for bivariate measurement data may reveal patterns of association between two quantities.

2. Construct and interpseatter plstfor bivariate measurement data. Describe patterns such as clustering, outliers, positive
or negative association, linear association, nonlinear association.

3. Understand that a straight line is a widely used model for exploring relationships between two quantitative variables. F
scatter pletthat suggest a linear association, inforrshygfitt éine, and informally assess the model fit by judging the
closeness of the data points to the line.

4. Use the equation of a linear model to solve problems in the context of bivariate measurement data, interpreting the sl
and interceftor examjtedinear model foiodogy experiment, an additional hour of sunlight each day is associated with ¢
additional 1.5 cm in mature plant height.

5. Understand that patterns of association can also be seen in bivariate categorical datarinjedispidyielgtiregu
frequencies in a tway table. Construct and interpret@awtable summarizing data on two categorical variables
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collected from the same subjects. Use relative frequencies calculated for rows or columns to desititbe possible assoc
between the two variabkes. example, collect data from students in your class on whether or not they have a curfew on
and whether or nghélve assigned chores at home. Is there evidence that those who e choveiv also tend to
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Mathematics Standards for High School

Where is the College-and-Career-Readiness line drawn?

The high school standards specify the mathematics that all students should learn in order to be college and c:
ready. The high school staradsod$escribe additional mathematics thasbkimaldritsato pursue careers and
majors in science, technology, engineering and mathematics (STEM) fields. Other forms of advanced work are
possible (for example in discrete mathematics or adstrce)eahstatan be eventually added to the standards.
Standards beyond the college and career readlimtssdevetessary for STEM eaecpersfixed with a
symbo$TEM, as in this example:

stem Graph complex numbers in polar form and inténpreti@a operations on complex numbers
geometrically.

Any standard without this tag is understood to be in the common core mathematics curriculum for all students

How are the high school standards organized?

The high school standardist@a ircanceptual categorias shown in the Table bélppendix A (online)
contains drafts of model course descriptions based on these standar@nceptual categories portray a
coherent view of core high school mathematicss t u d e Fubhcfiogdorwxample, crosseaimber of
traditionatourse boundariestentially up through and including Calculus

Conceptual Organization of the High School Standards

CCRS

High School Standards
Draft September

17 Draft March 10
Number

) Number and Quantity
Quantity
Expressions
Equations Algebra

Coordinates

Functions Functions

Geometry Geometry

Statistics o __
B Statistics and Probability

Probability

Modeling Modeling™*

* Standards formerly appearing under Coordinates now appear under other headings.

** Making mathematical models is now a Standard for Mathematical Practice. Standards
formerly appearing under Modeling are now distributed under other major headings. High
school standards with relevance to modeling are flagged with a (I ) symbol. A narrative
description of modeling remains in the high school standards, but there are no specific
standard statements in that narrative description.
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Mathematics | High SchooliNumber and Quantity

Numbers and NumbelSystemsDuring the years from kindergarten to eighth gexus, ratust
repeatedly extend their conception of number. At
that, O i s us dathewhole nurebers &esfe@met bydhe connéing nuanibers together with zero.
The next extensierfractions. At first, fractions are barely numbers and tied strongly to pictorial representations.
Yet by the time students understand division of fractions, they have a strong concept of fractions as numbers al
connected them, via their deciprabentations, with the-b&ssystem used to represent the whole numbers.

During middle school, fractions are augmented by negative fractions to form the rational numbers. In Grade 7,
students extend this system once more, augmenting the ragonéhrtbmbveational numbers to form the real
numbers. In high school, students will be exposed to yet another extension of number, when the real numbers «
augmented by the imaginary numbers to form the complex numbers.

Students sometimes have tlifficakepting new kinds of numbers when these differ in appearance and
properties from those of a familiar system. For example, students might decide that complex numbers are not
numbers because they are not written with numerical digits, or becatsketoepe positive or negative
guantities. Indeed, this ascent through number systems makes it fair to ask: whatrdbesetre thvatdt
can mean all of these things? One possible answer is that a number is something thatttema¢icsed to do ma
calculate, solve equations, or represent measurements. Historically, number systems have been extended whe
is an intellectual or practical benefit in using the new numbers to solve previously insoluble problems.

Although the referenbafi u mber 6 changes, the four heperations ¢
commutative, associative, and distributive laws extend the properties of operations to the integers, rational num
real numbers, and complex numbers. The inverse relatisashipsldition and subtraction, and multiplication
and division are maintained in these larger systems.

Calculators are useful irsthasid to generate data for numerical experiments, to help understand the workings
of matrix, vector, and complex nuahdpeora, and to experiment witintegeexponents.

Quantities.In their work in measurement up through Grade 8, students primarily measure commonly used
attributes such as length, area, volume, and so forth. In high school, students ¢natomsanmvaighsihey
themselves must conceive the attributes of interest. Such a conceptual process might be called quantification.
Quantification is important for science, as when
evaporatio Quantification is also important for companies, who must conceptualize relevant attributes and creat
choose suitable mebnjaghich to measure them.

Content Outline

The Real Number System
Quantities
The Complex Number System

Vector Quantities and Matrices

1 SeeHareE B @®Endpoint of Research on Middle/Higher Number and Quanity I NB &SI NOK NBOASS LINPGARSR TF2NJ
Standards Initiative.
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The Real Number System N-RN

1. Understand thaetlaws of exponents for positive integer exponents follow from an understanding of exponents as
indicating repeated multiplication, and from the associative law for multiplication.

2. Understand ttthe definition of the meaning of zero, positive rational, and negative exponents follows from extending tt
laws of exponents to those vallogging foa notation for radicals in terms of rational exponextmple, since
(5*3)*=5W3=5'=5 55 js a cube root of 5

3. Understand that sums and products of rational numbers are rational.

4. Understand that the sum of a rational number and an irrational number is irrational, and that the product of a nonzero
rational number and an irrationdderus irrational.

5. Rewriteexpressions using the laws of exppoeatampie?)® = 5%2 andl/5 = 5™.

QuantitiesT N-Q

1. Understand thaketmagnitude of a quantity is independent of the unit used té-areasampie, the density of a liquid
does not change when it is measured i n angwinditar uni t.
numerical value (O0the density of Il ead is 11.3 ti mes

2. Use units as a way to understand problergaidadte solution of rratip problems, involving, e.g., acceleration,
currency conversions, derived quantities suchlasups@ot heating degree days, social science rates such as per
capita income, and rates in everyday life such as gqatyseoee

3. Define metrics for the purpose of descriptive ntemtetixgmple, find a good measure of overall highway safety; propose a
debate measures such as fatalities per year, fatalities per year per driveri|eotréatdl@ies per vehicle

4. Add, subtract, multiphnd divide numbers expressed in scientific notation, including problems where both decimal and
scientific notation are usks@. scientific notation and choose units of appropriate size for measurements of very large or
very smiquantities (e.g., use millimeters per year for seafloor dptegaliegdcientific notation that has been
generated by technology.

5. Use and interpret quantities and units correctly in algebraic formulas.

6. Use and interpret quantities and urétstlgarr graphs and data displays (function graphs, data tables, scatter plots, and
other visual displays of quantitative information). Generate graphs and data displays using technology.

The Complex Number System N-CN

1. Understand thhgtrelatioil = 81 and the commutative, associative, and distributive laws can be used to calculate with
complex numbers.

2. srem Understand thatlynomials can be factored over the complex numbersée. gt =a& i 2i)(x 8 2i).

3. sem Understand thaneplex numbersdze visualized on the complex plane. Real numbers correspond to points on the
horizontal (real) axis, and imaginary numbers to points on the vertical axis.

4. stem Understand that the complex plane, arithmetic of complex numbers can be interprietaly .gedatitesn is
analogous to vector addition, and multiplication can be understood as rotation and dilation about the origin. Complex
conjugation is reflection across the real axis.

5. sem Understand that the complex plane, as on the real lingtaiheedetween numbers is the absolute value of the
difference, and the midpoint of a segment is thef dhenagmbers at its endpoints

6. Add, subtracand multiply complex numbers.

7. stem Find the conjugatacdmplex numherse conjugatedindabsolute values quadtients aomplex numbers.

8. srem Solve quadratic equatigtiisreal coefficients that banglesolutionssing a variety of methods

9. stem Graph complex numbers in rectangular form.

10.stem Graph complex numbers in polar foiimexpdet arithmetiperations @omplex numbers geometrically.
11.sem Explain why the rectangular and polar forms of a complex number represent the same number.

Standard with cles&nection to modeling
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Vector Quantities and Matrices N-VM

1.

stem Understand thaotor quantities have both mdgrind direction. Vector quantities are typically represented by
directed line segments. The magnitude of\eizectmmonly denotedi pr|| v]| | .

stem Understand thagotors are determined by the coordinates of their initial and termingl theiints, or b
components.

stem Understand thagotors can be addedteletid, componewise, or by the parallelogram rule. The magnitude of a
sum of two vectors is typically not the sum of the magnitudes.

stem Understand thatectowv can be multiplieddyeal numbe(called a scalar in this context) to form a new vector
o/ with magnitude . When g v, 0, the direction ofis either alongforc> 0) or against(forc< 0). Scalar
multiplication can be shown graphically by scaling yeassishamneflecting them in the origin; scalar multiplication
can also be performed comparente.g., a4, ) = (Cy, CY).

stem Understand thatotor subtractiord w is defined as- (dw). Two vectors can be subtracted graphically by
conneing the tips in the appropriate order.

stem Understand thaatrices can be multiplied by scalars to produce new maaisogbee.gll of the payoffs in a
game are doubled. Matrices of the same dimensions can be added or subtractedpatibieediméthsions can

be multiplied. Unlike multiplication of numbers, matrix multiplication is not a commutatie stilesatiisfies

the associative and distributive laws

stem Understand thatector when regarded as a matrix with anengzn be multiplied by a matrix of suitable
dimensions to produce another vectb2 Adtrix can be viewed as a transformation of the plane.

stem Understand thagystem of linear equations can be represented as a single matrix equedioatle a vector

stem Understand thaetzero and identity matrices play a role in matrix addition and multiplication similar to the role of 0
and 1 in the real numbers. The determinant of a square matrix is nonzero if and only if the matrix has a multiplicativ
inverse.

10.srem Perform basic vector operations (addition, subtraction, scalar multiplication) both graphically and algebraically.
11.sem Given two vectors in magnitude and direction form, determine the magnitude and direction of their sum.

12.stem Slve prblemsnvolving velocity and quantities that can be represented] by vectors

13.stem Add, subtracand multiply matriadsappropriate dimensions

14.sem Use matrices to store and manipulate data, e.g., to represent payoffs or incidence relatidnships in a net
15.sem Represent systems of linear equations as matrix equations.

16.stem Find the inverse of a matrix if it exists and use it to solve systems of liustmgtpetioriegy for matrices of

dimension greater thar3}

Standard with close connection to modeling
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Mathematics | High SchoolfiAlgebra

ExpressionsAn expression is a description of a computation on numbers and symbols that represent numbe
using arithmetic operations and the operation of raising a number to ratidDahegpboessbtut use of
parentheses andotttker of operations assuredichtexpression is unamhi@reating an expression that
describes a computation involving a general quantity requires the ability to express the computation in general 1
abstracting from specific instances.

Readingn expression with comprehension involves analysis of its underifiihggregiycuggest a
different but equivalent way of wititthgxpressitrat exhibits some different aspect of its meaning. For
examplegy+ 0.05can be interpreted astitition of a 5% tax to a priRewritingp+ 0.05as 1.05shows
that adding a tax is the same as muielgimmgpy a constant factor.

Algebraic manipulatiaressgoverned tductions frafmecommutative, associative, and distributive laws
and the inverse relationships between the four opertit@osnaadtiontalgebraic notatidhese extend
what students have learned about arithmetic expréSstorexpréssions that involve exponents, radicals, and
representations of reahbers, and, for SFEMNding students, complex numbers.

At times, an expresssthe result of applyopmerationt® simpler expressions. Viewing such an expression
by singling out these simpler expressions can sometimesieldyifygtstrture

A spreadshexa CA®nvironmeran be used to experiment with algebraic expressions, perform complex
algebraimanipulatiojasd understand how algebeaipulatiofehave.

Equations and inequalities. An equation is a statement that tvessrps are equal. Solutions to an
equation are numbers that make the equation true when assigned to the variables in it. If the equation is true fo
numbers, theristcalledn identity; identities are often discoverddpthe laws of arither@t the laws of
exponents to transfame expression into another.

The solutions of an equation in one variable form a set of numbers; the solutions of an equation in two varia
form a set of ordered pdiraimbersvhich can be graphed ioabdinatglaneTwo or moregeiationand/or
inequalities fornsystemA solution for such a system must satisfy every equation and inequality in the system.

An equation can often be solved by successively transforming it into one or more .slinglpraamsstions
is governed by deductions based on the properties of equality. For example, one can add the same constant to
sides without changing the solutions, but squaring both sides might lead to extraneous solutions. Strategic
competence in sajvincludes looking ahead for productive manipulations and anticipating the nature and number
solutions.

Some equations have no solutions in a given number systetheséirteitesiog of thgstemFor
example, the solution®fl = 0 is amtegey not a whole number; the solafidn+ 1 = 0 is aational numher
not an integer; the solutio®dd = 0 areeal numbensot rational numbeaagthe solutions éf+ 2 = 0 are
complex numberet real numbers

The same solution teclesigised to solve equations can be used to rearrange formulas. For example, the
formula for the area of a trapeéroiffb+hb,)/2) h, can be solved fiarsing the same deductive process.

Inequalities can be solved by reasoning about the propediig. dflamg, but not all, of the properties of
equalitgontinue to hold for inequalities and can be useful in solving them.

Connections to Fuaciibhdeliigkpressions can define fugeiakquivalent expressionsetarsame
functionEquations in two variables atsyefine functions. Asking when two functions have the same value leads
to an equation; graphing the two functions allows for the approximate solution Gbtheseimatierbal
descriptioto anequationinequalt, or system of thesan essential skill in modeling.

Content Outline

Seeing Structure in Expressions

Arithmetic with Polynomials and Rational Expressions
Creating Equations that Describe Numbers or Relationships
Reasoning with Equations and Inequalities
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Seeing Structure in Expressions A-SSE

1. Understand thafferenforms of an expressi@myreveal different properties aftlaatity in questi@npurpose in
transforming expressions is to find those prepartiptes: factoring a quadsaicresgreals the zeros of the function it
defines, and putting the expression in vertex form reveals its maximum or mihidfioandieaetstepesssion
(1.15132'8 12219 rkveal the approximate equivalent monthifytietarestahtate is 15%.

2. Understand thatnaplicated expressions can be interpreted by viewing one or more of their parts as single entities.

3. Interpret an expression that represents a quantity in terms of ltteuztnteterpreting partsjfessien, such as
terms, factors and coefficients.

4. Factor, expand, and complete the square in quadratic expressions.

5. See expressions in different ways that suggesinstysmofitnem.For examplexsed as ¥)? 8 () thus
recognizin@dt a difference of squares that can bédadietedyds

6. Rewrite expressions using the laws of exponertan (i)’ = x> and 1/x =%

7. Use the laws of exponents to interpret expressions for exponential functiopssiteeogatinimgkponents as
indicating roots of the base and negative exponents as indicating the reciprboalestmpteyédentify the per unit
percentage change in functions €ueB'ag= (0.97', y= (1.0, y= (1.2"°, anctonclude whether it represents
exponential growth or decay. Recognize that any nonzerozengeeragsbo araimgia(1.05 = 12. Avoid
common errors such as en@Binigh(6-1.0% ands(0.03 with5(1.03.

8. stem Provehe formula for the sum of a geometric series, and use the formula to solve problems.

Arithmetic with Polynomials and Rational Expressions A-APR

1. Understand thailpnomials form a system analogous to the integers, hamely, they are closedanglef the operati
addition, subtraction, and multiplication.

2. Understand thatlynomial identities become true statements no matéal whinbers are substitémdexample,
the polynomial idgRrtityy?)* = (8 y?)? + (2xy?can be used to genergmr&yiHaples.

3. Understanthi¢ Remainder Theorem: For a polyp@n@at a numberthe remainder on divisiondgisp(@), so
p(@ = 0 if and only g @) is a factor p§.

4. sem Understand thaetBinomial Theorem gives the expansioa)dh(powers offor a positive integemd a real
numben, wi th coefficients Thangle TheBimmidl THearem cavbapropedby by Pa s
mathematical induction or by a combinatorial argument.

5. stem Understand thationalxgressions are quotients of polynomials. They form a system analogous to the rational
numbers, closed under division by a nonzero rational function.

6. Add, subtract and multiply polynomials.

7. ldentify zeros of polynomials when suitable factorizatitaidegraralvase the zeros to construct a rough graph of the
polynomial.

8. Transform simple ratiengdressionsinghe commutative, associative, and distributive laws, and the inverse
relationship between multiplication and division

9. Divide a polynomp@l) by a divisor of the fordausing long division.

10.smem ldentify zeros and asymptotes of rational functions, when suitable factorizations are available, and use the zeros ¢
asymptotes to construct a rough graph of the function.

11.sem Divide polynoaids, usinigng divisioior linear divisors and long divisiczoorpauter algebra system for higher
degree divisors.

Creating Equations That Describe Numbers or Relationships A-CED'

1. Understand thafumtions in one variable are often created tqdegserites of a specific but unknown number.

2. Understand thajuations in two or more variables that represent a relationship between quantities can be built by
experimenting with specific numbers in the relationship.

3. Writeequatiorand inequalities thagcify an unknown quantityexpiesa relationshiygtweetwo or more
guantitiedJse the equati@mg inequalitiessolve problentisclude equations arising from linear and quadratic functions,
and simple rational and exponential functions.

' Standard with close connection to modeling
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4. Rarrange formulas to highlight a quantity of terest e x ampl e, transform Ohmds | aw
motion with constant accelerationy frangferza(x & x) to highlight the change in position @lrisg dfxe x

Reasoning with Equations and Inequalities A-REI

1. Understand thatdolve an equation algebraically, one makes logical deductions from the equality asserted by the
equation, often in steps that replace it with a simpler equation whose sothgwdutiolusl of the original one.

2. Understand thaetmethod of completing the square can transform any quadratkirgqatieguivalent equation
of the formx@ p)>= g This leads to the quadratic formula.

3. Understand thaten a systemtwb linear equations in two variables, additigleof one equation to another
produces a system with the same sdlbisopsnciple, combined with principles aftreadytered with etjoas in
one variable, allows for the simplificatidemisys

4. Understand that the grapin @iquation in two variabl#eset ofts solutions plotted in the coordinate plane, often
forminga curve orlme

5. Understand thalgions to two equations in two variables correspond to points of irtieegegtaphs, because
points of intersection satisfy both equations simultaneously.

6. Understand thagtsolutions to a linear inequality in two variables can be grajpletkge=chalfng the boundary
in the case of a strict inequality).

7. Understad thatadutions to several linear inequalities in two variables correspond to points in the intersection of the
regions in the plane defined by the solutions to the inequalities.

8. Understand thaumtions and inequalities can be viewed as coagtrabitninsituati@y., inequalities describing
nutritional and cost constraints on combinations of différent foods.

9. semUnderstand thaetrelationship between an invertible fiantidsinverse functicen based to solve equations
of thedrmf(x) = c.

10. Solve simple rational and radical equations in one variable, noting and explaining extraneous solutions.
11. Solve linear equations in one variable, including equations with coefficients represented by letters.

12. Solve gquadratic equations in rimigledmclude methods such as inspecion4®@)gsdoare roots, completing the square,
the quadratic formula and factoring. Recognize when the quadratic formula gives complex solutesais and write them a:
numbers a and b.

13. Solveequationf§)) = g approximately by finding the intersections of the f(aahdyaf, e.g. using technology to
graph the functiohsclude cases where f(x) and/imegg)adyaomial, rational, exponential, and logarithmic functions.

14.Sdve linear inequalities in one variable and graph the solution set on a number line.
15. Solve systems of linear equations algeimaigedlyhicalfpcusing on pairs of linear equations in two variables.

16. Solve algebraicaliynaplesystem consistingréd linear equation and one quadratic equation in two variables; for
example, find points of intersection betweenythéBrand the circlé+ = 3.

17.Graph the solution set of a system of linear inequalities in two variables.

18.1n modeling situasonepresent constraints by systems of equations and/or inequalities, and interpret solutions of these
systems as viable osvigdrle options in the modeling context.
19.1n the context of exponential modks exjuations of the falfn= dwheres, ¢ anddare specific numbers and the
basdis 2, 10ore'
20.sem Relate the properties of logarithms to the laws of exponents and solve equations involving exponential functions.
21.sem Use inverse functions to solve equations ofasiaffarmr= d, a&osx + x=d andatanpx + r=d

! Standard with close connection to modeling
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Mathematics | High Schooli Functions

Functions describe situations where one quantity determines another. For example, the return on $10,000
invested at an annualized percentage rate of 4.25% is tnéulectgih of time the money is invested. Because
nature and society are full of dependencies between quantities, functions are important tools in the constructior
mathematical models.

In school mathematics, functions usually have numericalutputtsadiare often defined by an algebraic
expression. For example, the time in hours it tak
per houry, the ruld(v) = 100/ expresses this relationship algebraically aralfdeitien whose naffe is

The set of inputs to a function is called its domain. We often infer the domain to be all inputs for which the
expression defining a function has a value, or for which the function makes sense in a given context.

A functionan be described in various ways, such as by a graph (e.g., the trace of a seismograph); by a verb

rule, as in, o0ldll give you a stat efy=g+dxThggi ve me
graph of a function is ofterfal wsey of visualizing the relationship the function models, and manipulating a
mat hemati cal expression for a function can throw

spreadsheets are also useful tools in the study of functions.

Fundbns presented as expressions can model many important phenomena. Two important families of func
characterized by laws of growth are linear functions, which grow at a constant rate, and exponential functions, v
grow at a constant percent ragarfunctions with a constant term of zero describe proportional relationships.

A graphing utility or a CAS can be used to experiment with properties of the furgtigimadddheir
build computational models of functions, including reefirstgetyirtttions

Connections to Expressions, Equations, ModelindatetGmindiaatesitput value for a particular input
involves evaluating an expression; finding inputs that yield a given output involves solving an equation. Questio
aboutvhen two functions have the same value lead to equations, whose solutions can be visualized from the
intersection of their graphs. Because functions describe relationships between quantities, they are frequently us
modeling. Sometimes functionsfareddey a recursive process, which can be displayed effectively using a
spreadsheet or other technology.

Content Outline

Interpreting Functions

Building Functions

Linear, Quadratic, and Exponential Models
Trigonometric Functions

Limits and ContinuityA

Differential CalculusA

Applications of DerivativesA

Integral CalculusA

Applications of IntegrationA

Infinite SeriesA

A - . .
Specific standards for calculus domains are not listed.
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Interpreting Functions AIF

1.

Understand thduaction from one set (called the domain) to another set (called the range)edssignsdbthach
domain exactly one element of the rdisga flinction axi$ an element of its domainffatenotes the output of
f corresponding to the input

Understand thanhttions of a single variable have key characterist@szénofydintreme values; average rates of
change (over intervals); intervals of increasing, decreasing and/or constant behavior; and end behavior.

Understand thduactiordefined by an expression may be written in different but equivalent éammsvedich
different properties of the function.

Use function notation and evaluate functions for inputs in their domains.

Describe qualitatively the functional relationship between two quantities by reading a g(aph (e.g., where the function i
increasingr decreasing, what its-tongoehavior appears to be, and whether it appears to be periodic).

Sketch a graph that exhibits the qualitative features of a fuodétsahratationship between two qlfantities

Compare properties of two functipresented in different ways (algebraically, graphically, numerically in tables, or by
verbal descriptiorsyr examplew conclusions about the graph of a quadratic function from its algebraic expression
Relate the domain of a function to its gtaphexe applicable, to the quantitative relationship it Besexaasple,

if the function h(n) gives the numbapaofpérskes to assemble n engines in a factory, then the positive integers would b
appropriate domain for the'function.

Describe the qualitative behavior of funeisemed graphs and tabldentify: intercepts; intervals where the function is
increasing, decreasing, positive or negative; relative maximums and minimums; symmetries; end behavior; and perio

10. Use technology to exhibit the effects of parameter changes on the graphs of linear, power, quadbatic, square root

root,andpolynomidlinctionsandsimple rational, exponential, logarithmjcasime, absolute viadme step
functions.

11. Tranform quadratic polynomials algebraically to reveal different features of the function they define, such as zeros,

extreme values, and symmetry of the graph.

Building Functions A-BF

1.
2.
3.

Understand that functions can be described by specifying anssiplici expuesive process or steps for calculation
Understand thagsiences are functions whose danwihdst tife nonnegative integers.

stem Understand thatneposing a functfavith a functiagcreates a new function called the composié ffor an

input numbex the output of the composite funcf{gix)is

stem Understand thate i nver se of an invertible function oundoes
with its inverse in either order returns timaldrigut. One can sometimes produce an invertible function from a non
invertible function by restricting the domain (e.qg., squaring is not an invertible function on the ssplaringbers, but

is invertible on the nonnegative real numbers).

Write a fuction that describes a relationship between two quantities, for example by varying parameters in and combin
standard function ty{segh as linear, quadratic or exponential fubsoteshnology t@eriment with parameters

andoillustrate arxplanation of the behavior of the function when parameters vary

Solve problems invoNimgar quadratjiand exponentiahction%.

Identify the effect on the graph of ref(l@digtfX) + k kf(X), f(k®, and(x+ K) for specific valueg @foth positive

and negative); fitd vale of kgiventhegraghs.Experiment with cases and illustrate an explanation of the effects on the
graph using technology.

Generatean arithmetic or geontesteiquence given a recursive rule for the §equence

As avay to describe routine modeling situatimarithhmetic and geometric sequences both recursively and in closed
form, and translate between the two' forms.

10.sem Evaluate composite functions and compose functions symbolically.

11.stem Read values ofrarerse function from a graph or a table, given that the function has an inverse.

12.stem For linear or simple exponential functions, find a formula for an inverse function by solving an equation.
13.srem Verify symbolically by composition that one faliséanverse of another.

Linear, Quadratic, and Exponential Models ALQE
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1. Understand thdtreear function, defined(y= mx+ bfor some constamizndy models a situatiorwhich a
quantity changes at a constamt raflative to anotHer.

2. Urderstand thatadratic functions have maximum or minimum values and can be used to model problems with optimut
solutions.

3. Understand that exponential function, defindby abor byf(x) = a1 +r)*for some constagte> 0 and > 81,
models situation where a quantity grows or decays by a constant factor or a constant percentage change over each L
interval.

4. Understand thatdar functions grow by equal differences over equal intervals; exponential functions grow by equal
factors overaal intervals.

be seen as linear functions.

6. Understand thatd sequence that increases quadratically 8efg:,2n+ 1), differences between consecutive terms
form an arithmetic sequence, and second differences form a constarverqabnadethe @ed differences form

a constant sequence with nonzero value, the sequence increasés quadratically.

7. Understand thata geometric sequence, ratios of consecutive terms are' all the same.

8. Understand thafjaantity increasing exponentially eventesltisexquantity increasing linearly, quadeatically
(more generally) as a polynomial function.

9. Calculate and interpret the average rate of change of a function (presented symbolically or as a table) over a specifiet
interval. Estimate the rate of elieorg a graph.

10. Construct a functiordtscriba linear relationship between two quantities. Determine the rate afatstage and
termofa lineafunction from a graphdescription of a relationshfppm two X, y) values (incleiceading #se from

a table).
11.Use quadratic functions to model problems, e.g., in situations with optinﬁum solutions.
12.Construct an exponential function in thi&fer®(1 +r)*or f(x) = atito describe a relationship in which one quantity
grows with respectimwther & constant percent growth rateitin aconstant growth factor.
13.Interpret the rate of changeamstant terof a linear functionsequenaeterms of the situation it models, and in
terms of its graph or a table of Values.
14. Calculatend interpret the growth factor for an exponential function (presented symbolically or as a table) given a fixed
interval. Estimate the growth factor from Y graph.
15.Recognize a quantitative relationship ,eexlioeentiabr neithefrom description afituatioh.

16. Compargquantities increasing exponentially to quantities increasing linearly or as a polilnomial function.

Trigonometric Functions FTF

1. stemUnderstand thagtunit circle in the coordinate plane enables one to define theasidangesinfinctions for
real numbers.

2. stem Understand thagbnometric functions are periodic by definition, and sums and productsithf floacione
periodare periodic.

3. stem Understand thasstricting trigonometric functions to a domaictothesiare always increasing or always
decreasing allows for the construction of an inverse function.

stem Revisit trigonometric functiang their graphserms of radians.
stem Use the unit circle to determine geometrically the values of, samgenisiaetegemultiple® f U/ 6. and U/
stem Use the unit circle to explain symmetry (odd and even) and periodicity of trigopnometric functions.

stem Solve simple trigonometric equations formally using inverse trigonometridefeaiatitthesolutions
numericallysingechnologysolving trigonometric equations by means of the quadratic formula is optional.

N oo g A

Limits and ContinuityA F-LC

I‘ Standard with close connectimodeling
A " . .
Specific standards for calculus domains are not listed.
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Differential Calculus? F-DC

Applications of Derivatives? F-AD
Integral Calculus? FIC
Applications of Integration? F-Al
Infinite SeriesA FIS

A . . .
Specific standards for calculus domains are not listed.
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Mathematics | High Schoolii Modeling

Modeling links classroom mathematics and statistics to everyday life, womkakimtyd&tisieling is the
process of choosing and using appropriate mathematics and statistics to analymesetopindal siturati
them better, and to improve decisions. Quantities and their relationships in physical, economic, public policy, sc
and everyday situations can be modeled using mathematical and statistical methods. When making mathemati
models, tnology is valuable for varying assumptions, exploring consequences, and comparing predictions witt
data.

A model can be very simple, such as writing total cost as a product of unit price and number bought, or usin
geometric shape to describe alpihjsicike a coin. Even such simple models involve making choices. It is up to
us whether to model a coin as dlitmesesional cylinder, or whether-ditmensional disk works well enough
for our purposes. Other situdtiomsdeling a delivery roatproduction schedule, or a comparison of loan
amortizatiofisneed more elaborate models that use other tools from the mathematicah&eldnces. Real
situations are not organized and labeled for analysis; formulating tractable models, repiedseatidg such m
analyzing them is appropriately a creative process. Like every such process, this depends on acquired expertis
as creativity.

Some examples of such situations might include:

1 Estimating how much water and food is needed for eriefjgreaayeneastated city of 3 million people, and how it
might be distributed.
1 Planning a table tennis tournament for 7 players at a club with 4 tables, where each player plays against each othe
player
Designing the layout of the stalls in a scboalsféd raise as much money as possible.
Analyzing stopping distance for a car
Modeling savings account balance, bacterial colony growth, or investment growth
Critical path analysis, @gplied to turnaround of an aircraft at an airport.
Risk sitations, like extreme sports, pandemics and terrorism.
Relating population statistics to individual predictions

=A =4 =4 =4 -4 4

In situaticslike these, the models devised depend on a number of factors: How precise an answer do we wal
or need? What aspects of thmositlmwe most need to understand, control, or optimize? What resources of time
and tools do we have? The range of models that we can create and analyze is also constrained by the limitatior
mathematical, statistical, and technical skillsakility dorecognize significant variables and relationships among
them. Diagrams of various kinds, spreadsheets and other technology, and algebra are powerful tools for
understanding and solving problems drawn from different tyymetl cfinesaticn

One of the insights provided by mathematical modeling is that essentially the same mathematical or statistic
structure can model seemingly different situations. Models can also shed light on the mathematical structures
themselves, for example asanhedel of bacterial growth makes more vivid the explosive growth of the
exponential function.

The basic modeling cycle is summarized in the diagram. It inv@;;> (an\
identifying variables in the situation and selecting those than repre

essential ferds, (2) formulating a model by creating and selecting \Lm

geometric, graphical, tabular, algebraic, or statistical representatic 1
describe relationships between the variables, (3) analyzing and pt [ R N
operations on these relationships to drasiccen¢l) interpreting the e J_’L e J

results of the mathematics in terms of the original situation, (5) validating the conclusions by comparing them w
the situation, and then, either improving the model or, if it is acceptable, (6) reporting ontldelo®nclusions a
reasoning behind them. Choices, assumptions and approximations are present throughout this cycle.

In descriptive modeling, a model simply describes the phenomena or summarizes them in a compact form.
Graphs of observations are a familiar desadlgliveor example, graphs of global temperature and atmospheric
CO, over time.

Analytic modeling seeks to explain data on the basis of deeper theoretical ideas, albeit with parameters that
empirically based; for example, exponential growthadvtbémiers (until @fft mechanisms such as pollution
or starvation intervene) follows from a constant reproduction rate. Functions are an important tool for analyzing
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problems.
Graphing utilities, spreadsheets, CAS environments, and dymasodtgyeoenate powerful tools that can
be used to model purely mathematical phenomena (e.g., the behavior of polynomials) as well as physical phen

Modeling Standards

Modeling is best interpreted not as a collection of isolatedeiapios twbthdhestamulatdag mathematical
models is a Standard for Mathematical Practiae]elimd) stacdirds appear throughout the high school standards
indicated by a star giymbol
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Mathematics | High Schoolii Statistics and Probability’

Decisions or predictions are often based owmidiers in context. These decisions or predictions would be
eagsy if the data always sent a clear message, but the message is often obscured by variability. Statistics prov
for describing vaiiitypin data and for making informed decisions that take it into account.

Data are gathered, displayed, summarized, ,exadaninixipreted to discover patterns and deviations from
patterns. Quantitative data can be described in terms of kdicsharaeatenies of shape, center, and spread.

The shape of a data distribution might be described as symmetric, skewed, flat, or bell shaped, and it mig
summarized by a statistic measuring center (such as mean or median) and a statigliqsuelasasing sprea
standard deviation or interquartile range). Different distributions can be compared numerically using these sta
or compared visually using plots. Knowledge of center and spread are not enough to describe a distribution.
statisticotcompare, which plots to use, and what the results of a comparison might mean, depend on the questi
be investigated and thdifealctions to be taken.

Randomization has two important uses in drawing statistical conclusions. Firat frooliegtiagdian
sample of a population makes it possible to draw valid conclusions about the whole population, taking variabili
account. Second, randomly assigning individuals to different treatments allows a fair comparison of the effecti
ofthose treatments. A statistically significant outcome is one that is unlikely to be due to chance alone, and this
evaluated only under the condition of randomness. The conditions under which data are collected are import
drawing conclusioranfrthe data; in critically reviewing uses of statistics in public media and other reports it i
important to consider the study design, how the data were gathered, and the analyses employed as well as t
summaries and the conclusions drawn.

Randonprocesses can be described mathematically by using a probability model. One begins to mal
probability model by listing or describing the possible outcomes (the sample space) and assigning probabili
situations such as flipping a coin, rollimbyer sube, or drawing a card, it might be reasonable to assume various
outcomes are equally likely. In a probability model, sample points represent outcomes and combine to mal
events; probabilities of events can be computed by applying thek radtiplieative laws of probability.
Interpreting these probabilities relies on an understanding of independence and conditibical paroladility,
approa@dthrough the analysis ofvixag tables.

Technology plays an important role in statisiosbability by making it possible to generate plots, functional
models, and correlation coefficients, and to simulate many possible outcomes in a short amount of time.

Connections to Functions andMdadgingl models may be used to appdatanitéhe data are
approximately linear, the relationship may be modeled with a regression line and the strength and direction of s
relationship may be expressed through a correlation coefficient

Content Outline
Summarizing Categorical and Measurement Data

Probability Models

Independently Combined Probability Models

Making Inferences and Justifying Conclusions Drawn from Data
Conditional Probability and the Laws of Probability
Experimenting and Simulating to Model Probabilities

Using Probability to Make Decisions

! Most or all of the standards in Statistics and Probaliliyehemereection to modeling
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Summarizing Categorical and Quantitative Data s-sl

1.

9.

Understand thétsstical methods take variability into account to support making informed decisions based on data
collected to answer specific questions.

Understand thaswal displa and summary statistics condense the information in data sets into usable knowledge.

Understand thaitferns of association or relationships between variables may emerge through careful analysis of multi
variable data.

Summarize comparative or bévesiggorical data inwey frequency tablaterpret joint, marginal and conditional
relative frequencies in the context of theamaingpossible associations and trends in bivariate categorical data.

Compare data on two or more count orenaast variables by using plots on the real number line (dot plots,
histogramand box plotd)se statistics appropriate to the shape of the data distribution to summarize center (median,
mean) and spread (interquartile range, standard deviatain)saftshierpret changes in shape, camdespread

in the context of the data sets, accounting for possible effects of extrefoetliis) points

Represent bivariate quantitative dateatteiapl@nd descrilbew the variables rataed.

Ft a linear functifor scatter plstthat suggest a linear assodidtamally assesdfithaf the model function by
plotting and analyzing residuals.

Useamodel functiditted to the data solve problems in the context of the datatintetpe slepfate of charige
and the intercgpbnstant term)

Computéusing technologyld interpret the correlation coefficient for a linear relationship between variables

10. Distinguish betwemnrelatioandcausation.

Probability Models S-PM

1.

Understand that & probability model, individual outcomes have probabilities that sum to 1. When outcomes are
categorized, the probability of a given type of outcome is the sum of the probabilities of all the indivitlual outcomes of 1
type.

Understandahuniform probability models are useful models for processes such as (i) the selection of a person from a
population; (ii) the selection of a number in a lottery; (iii) any physical situation in which symmetry suiggests that differ
individual outcomes aqually likely.

Understand thatd different empirical probability models for the same process will rarely assign exactly the same
probability to a given type of outcome. But if the data sets are large and the methods used to collect the data for the t
data sets are consistent, the agreement between the models is likely to be reasonably good.

Understand thaftlaeoretical) uniform probability model may be judged by comparing it to an empirical probability
model for the same process. If the thiessstiogptions are appropriate and the data set is large, then the two models
should agree approximately. If the agreement is not good, then it may be necessary to modify the assumptions under|
the theoretical model or look for factors thdtanéfbictedthe datased to create the empirical model

Use a uniform probability model to compute probabilities for a process involving uncertainty, including the random
selection of a person from a population and physical situations where synaetijffetggestividual outcomes
are equally likely.
a. List the individual outcomes to create a sample space.
b. Label the individual outcomes in the sample space to reflect important characteristics or quantities associated witl
them.
c. Determine probabdgiof individual outcomes, and determine the probability of a type or category of outcome as the
fraction of individual outcomes it includes.
Generate data by sampling, repeated experimental trials, and simulations. Record and approarjatety label such da
usehento construct an empirical probability model. Compute probabilities in such models.
Compare probabilities from a theoretical model to probabilities from a corresponding empirical model for the same
situation. If the agreement is notegquddin possible sources of the discrepancies.

Independently Combined Probability Models S-PM

1.

Understand thatdescribe a pair of random processes (such as tossing a coin and rolling a number cube), or one ranc
process repeated twice (such as resadectilyg a student in the class on two different days), two probability models
can be combined into a single model.
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4.

a. The sample space for the combined model is formed by listing all possible ordered pairs that combine an individu:
outcome from the finsbdel with an individual outcome from the second. Each ordered pair is an individual
outcome in the combined model.

b. The total number of individual outcomes (ordered pairs) in the combined model is the product of the number of
individual outcomes in eattfedfvo original models.

Understand thah&n two probability models are combined independently, the probability that one type of outcome in
the first model occurs together with another type of outcome in the second model is the product of the two
correspnding probabilities in the original models (the Multiplication Rule).

Combine two uniform models independently to compute probabilities for a pair of random processes (e.qg., flipping a «
twice, selecting one person from each of two classes).

a. Use orgared lists, tables and tree diagrams to represent the combined sample space.

b. Determine probabilities of ordered pairs in the combined model, and determine the probability of a particular type
category of outcomes in the combined model, as thedrdetioh dirs corresponding to it.

For two independently combined uniform models, use the Multiplication Rule to determine probabilities.

Making Inferences and Justifying Conclusions sIc

1.

8.

Understand th#atistics is a process for making inferenqespalkaiidn parameters based on a sample from that
population; randomness is the foundation for statistical inference.

Understand thaetdesign of an experiment or sample survey is of critical importance to analyzing the data and drawing
conclusions.

Uncerstand thahwilatiorbased techniques are powerful tools for making inferences and justifying conclusions from dat:

Use probabilistic reasoning to decide if a specified model is consistent with resultsdemmratgigeoroedss.

(For exampla model says a spinning coin falls heads up with probv@biliky 8.&esult of 5 tails in a row cause you

to question the model?)

Recognize the purposes of and differences among sample surveys, experiments and observational studies; explain h
rardomization relates to each.

Use data from a sample survey to estimate a population mean or proportion; develop a margin of error through the us
simulation models for random sampling.

Use data from a randomized experiment to compare two tre#inmsgiéfigast differences between parameters

through the use of simulation models for random assignment.

Evaluate reports based on data.

Conditional Probability and the Laws of Probability S-CP

1.

Understand thateats are subsets of a sample spa@yesftenf interest are defined by using characteristics (or
categories) of the sample points, or as unions, intersections, or compleimeddsoth@ieaf) ( A sample point
may belong to several events (categories).

Understand thah and Br@atwo events, then in a uniform model the conditional probability of A given B, denoted by
RAYB), is the fractionBfsample points that also lie in A

Understand thatetlaws of probability allow onsdamown probabilities to determine othmahplites of interest.

4, Compute probabilities by constructing and analyzing sample spaces, representing them by tree diagrams, systematic

and Venn diagrams

5. Use the laws of probability to compute probabilities.
6. Apply concepts such as interseatimms, and complements of events, and conditional probability and independence to

define or analyze events, calculate probabilities and solve problems.

Construct and interpret-tmeyy tables to show probabilities when two characteristics (oaratspmidgled with

each sample point. Use avlayatable to determine conditional probébilities.

Recognize and explain the concepts of conditional probability and independence in everyday language and everyday
situations.

Use permutations and conidoisab compute probabilities of compound events and solve problems.

Standard with close connection to modeling
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Experimenting and Simulating to Model Probabilities S-ES

1.

Understand thats of data obtained from surveys, simulations or other means can be used as probability models, by
treating t data set itself as a sample space, in which the sample points are the individual pieces of data.

2. Understand thaetprobability of an outcome can be interpreted as an assertion-aboyrtdpoitiog of the
out comeds o0c cur earimantdsaepeafed aldige numbenad tomes. e x p

3. Calculate experimental probabilities by performing simulations or experiments involving a probability model and using
relative frequencies of outcomes.

4. Compare the results of simulations with predictedipsobdhén there are substantial discrepancies between
predicted and observed probabilities, explain them.

5. Use the mean and standard deviation of a data set to fit it to a normal distribution and to estimate population percents
Recognize that theeedata sets for which such a procedure is not appropriate. Use calculators, spreadsheets and table
estimate areas under the normal curve.

Using Probability to Make Decisions S-MD

1. Understand thaetexpected value of a random variable is the ves@eanf #s possible values, with weights given
by their respective probabilities.

2. Understand thahe&n the possible outcomes of a decision can be assigned probabilities and payoff values, the decision
be analyzed as a random variable with ad exipeste,@f an investment.

3. Calculate expected value, e.g. to determine the fair price of an investment.

4. Use probabilities to make fair decisions (e.g., drawing by lots, using a random number generator).

Evaluate and compare two investmentsgiestndtie the same expected value, where one investment or strategy is

safer than the other.

Evaluate and compare two investments or strategies, where one investment or strategy is safer but has lower expecte
value. Include large and small investniksitsiadions with serious consequences.

Analyze decisions and strategies using probability concepts (e.g. product testing, medical testing, pulling a hockey go
the end of a game).
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Mathematics | High Schoolii Geometry

An understanding of the ata#hand relationships of geometric objects can be applied in diverse contexts
interpreting a schematic drawing, estimating the amount of wood needed to frame a sloping roof, rendering
computer graphics, or designing a sewing pattern for the mest effitigtarial.

Understanding the attributes of geometric objects often relies on measurement: a circle is a set of points in
plane at a fixed distance from a point; a cube is bounded by six squares of equal area; when two parallel lines ¢
crossely a transversal, pairs of corresponding angles are congruent.

The concepts of congruence, similarity and symmetry can be united under the concept of geometric
transformatioReflectiorsnd rotations each explain a particular type of symmetyymaradribe of an object
offer insight into its attribitas when the reflective symmetry of an isosceles triangle assures that its base angles
are congruent. Applying a scale transformation to a geometric figure yields a similar figure. The transformation
preserves angle measure, and lengths are related by a constant of proportionality.

The definitions of sine, cosine and tangent for acute angles are founded on right triangle similarity, and, witt
Pythagorean theorem, are fundamental in mamidesl theoretical situations.

Coordinate geometry is a rich field for exploration. How does a geometric transformation such as a translati
reflection affect the coordinates of points? How is the geometric definition of a circle reflet?ed in its equatio
Coordinates can describe locations in three dimensions and extend the use of algebraic techniques to problem:
involving the threl@mensional world we live in.

Dynamic geometry environments provide students with exqrattimendeling tools thawathem to
investigate geometric phendmemnsch the same was as CAS environments allow them to experiment with
algebraic phenomena.

Connections to Equations and Ifémgueaditrespondence between numerical coordinates and geometric points
allows nthods from algebra to be applied to geometry and vice versa. The solution set of an equation becomes
geometric curve, making visualization a tool for doing and understanding algebra. Geometric shapes can be de
by equations, making algebraic Ia@oipinto a tool for geometric understanding, modeling and proof.

Content Outline

Congruence

Similarity, Right Triangles, and Trigonometry
Circles

Expressing Geometric Properties with Equations
Trigonometry of General Triangles

Geometric Measurement and Dimension

Modeling with Geometry
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Congruence G-CO

1.

Understand thatd geometric figures are congruent if there is a sequence of (igictioosonsflections,
translationtf)at carries one onto the other. This is the principle of superposition.

Understand thaiteria for triangle congrueareeways to specify enmegsures in a triabgénsure that all
triangles drawn with those measures are congruent

Understand thaiteria for triangle congrudd@A, SAS, and £88)e estabdidhusing rigid motions.
Understand that geometric diagrams can bestsszhfectures and identify logical errors in fallacious proofs.

Know and ug@ reasoning and problem solving) definitions of angles, polygand, penadietliculaenrigid
motions, parallelograms and rectangles.

Prove theorems about lines and @hgtaems include: vertical angles are congruent; when a transversal crosses parallel
alternate interior angles are congruent and correspondiegtatvgbelinaseparagal to a third are parallel to each other;
points on a perpendicular bisector of a segment are

Prove theorems about triarighesrems include: measures of interidaaglgiesiof et 80°, base angles of isosceles
triangles are congruent, the triangle inequality, the longest side of a triangle faces the andleiegtrshe theatest measure
exterieangle inequality, and the segment joining milgemts afttiamgle parallel to the third side and half the length.

Use and prove properties of and relationships among special quadrilaterals: parallelogram, rectangle, rhombus, squal
trapezoid and kite.

Characterize parallelograms in terms of efjapfibsite sides, in terms of equality of opposite angles, and in terms of
bisection of diagonals; characterize rectangles as parallelograms with equal diagonals.

10. Make formal geometric constructions with a variety of tools and methods (cghiealgeanttingareflective

devices, paper folding, dynamic geometric softwa@opyintg) a segment; copying an angle; bisecting a segment; bisecting
angle; constructing perpendicular lines, including the perpendicular bisettonstauttiegsadimepa@iel to a given
line through a point not on the line.

11.Construct an equilateral triangle, a square and a regular hexagon inscribed in a circle.
12. Usetwo-dimensional representatmtransform figures and to predict the effeaslations, rotatipasd

reflections

13.Use twalimensional representations to transform figures and to predict the effect of dilations.

Similarity, Right Triangles, and Trigonometry G-SRT

1.

Understand thaliating a line produces a line parallel tigithed.dfn particular, lines passing through the center of the
dilation remain unchanged.)

Understand thaktdilation of a given segment is parallel to the given segment and longer or shorter in the ratio given b
the scale factor. A dilation leaeggreent unchanged if and only if the scale factor is 1.

Understand thattassumed properties of dilations can be used to establishatie 23S SAtRria for similarity of
triangles.

4. Understand that &imilarity, side ratios in right triamglpsoperties of the angles in the triangle, leading to definitions
of sine, cosirend tangent.

5. Understand thdtree parallel to one side of a triangle divides the other two proportionally, and conversely.

6. Use triangle similarity criteria to solblem®and to prove relationships in geometridrigudesa proof of the
Pythagorean theorem using triangle similarity.

7. Use and explain the relationship between the sine and cosine of complementary angles.

8. Useime, cosine, tangeamd the PythagariTheorem to solve right triafglespplied problems.

9. srem Give an informal explanation using successive approximation that a dilatiorcbbagale tlaetength of a
curve by a factorahd the area of a region by a fattor of

Circles GC

1. Understand that dilations can be used to sHaivdlest are similar.
2. Understand thtaere is a unique circle through threelhioear pointand four circléangent to three non

concurrent lines.

2, . ) ) . .
Arright triangle has five parameterstithr ee | engt hs and two acute angles. Given a | ength
remaining three parameters.
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IS

Identify and define radius, diameted, tingent, secatd circumference.

Identify and describe relationships among angles, radii, lactiidbdidsrelationship between central, inscribed and
circumscribed angles; inscribed angles on a diameter are right asiglsspénpenadicglarf & che tangent where the radius
intersects the circle.

Determine the arc lengths and the areas of sectors of circles, using proportions.

stem Construct a tangent line from a point outside a given circle to the circle.

stem Proveand use theorems about circles, and use these theorems to soka\pngblems
a. Symmetries of a circle

Similarity of a circle to any other

Tangent line, perpendicularity to a radius

Inscribed angles in a circle, relationship to central anglaiy aridnsgribed angles

Properties of chords, tangents, and secants as an application of triangle similarity.

® 20O

Expressing Geometric Properties with Equations G-GPE

1.

Understand thatd lines with welkefined slopes are perpendicular if and onlgdittteoptheir slopes is eqdal to
1.

Understand thaetequation of a cicelde found using its definition and the PythEgeoeam.

Understand thaamsforming the graph of an equation by reflecting in the axes, translating paratlapjyting axes,
a dilatiom one of theoordinate directi@asresporsdo substitutions in the equation.

stem Understand that @llipsés the set of all points whose distances from two fixedfpoindsgtheonstant sum.
The graph &f & + y/ I¥ = 1is an ellipse with foci on one of the axes

stem Understand that a parabola is the set of points equidistant from a fixed point (the focus) and a fixed line (the direct
The graph of any quadratic function is a parabola, and all garééuolas are s

stem Understand thaetformula= albfor the area of an ellipse can be derived from the formula for the area of a
circle!

Use thelope criteria fparallel and perpendicular lines tgsohaetriproblems (e.g., find the equation of a line
parallel gperpendicular to a givemtlit passes through a given point).

Find the point on the segment between two given points that divides the segment in a given ratio.
Usecooﬁrdinates to compute perimeters of polygons and areas for triangles eugd ustigripkeslistance

formué!

10.Decide whether a point with given coordinates lies on a circle defined by a given equation.
11.Use coordinategptove simple geometric theorems algeldfaicaktgmple, prove or disprove that a figure defined by

four given points in the coordirate jd a rectangle; prove or disprove that theGB)ilie$lon the circle centered
at the origin and containing the point (0, 2)

12.Complete the square to find the center and radius of a circle given by an equation.
13.sem Find an equation for an elipgeim the coordinate plane with major and minor axes parallel to the coordinate axes.

14.srem Calculate arsef ellipsgto solve probIePnS

Trigonometry of General Triangles GTGT

1.

stem Understand that the formula Aabsia(C) for the area ofantyle can be derived by drawing an auxiliary line
from a vertex perpendicular to the opposite side. Applying this formula in three different aysoeSoe the

stem Understand thaetLaw of Cosines generalizes the Pytfihgorean

stem Understand that the sine, cosine and tangent of the sum or difference of two angles can be expressed in terms of
cosine, and tangent of the angles themselves using the addition formulas.

stem Understand thaetLaws of Sines and Cosines embiatygieecbngruence criteria, in that three pieces of

information are usually sufficient to completely solve a triangle. Furthermore, these laws yield two passible solutions i
ambi guous case-SideAhdglusd riag i mariont o ac o Wwence crit

stem Explain proofs of the Law of Sines and the Law of Cosines.

Standard with close connection to modeling
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6. srem Use the Law of Sines and the Law of Cosines to find unknown measurementsiightityieisgid signg.,
surveying problems, resultant forces).

Geometric Measurement and Dimension G-GMD

1. Understand thaetarea ofl@ecomposdidure is the swhthe areas of its compoaadts independent of the choice
of dissection

2. semUnderstand thahbths of curves and areas of curved regions can be defined usingitimedhfioninal not

3. semUnderstandthaa@ al i eri 6s principle allows one to understan
stacks of thin slices.

4. Find areas of polygons by dissecting them into triangles.
5. Explain why the volume of a cylirttlerasea of the base times the height, using informal arguments.

6. For a pyramid or a cone, give a heuristic argument to show whydtetlihdimitisheight times the area of its
base.

7. Apply formulas and solve problems involving volumeeaaieawfaight prisms, right circular cylirgters
pyramids, cones, spheres and composite figures.

8. smem Identify crossectional shapes of slices oflttmeesional objects, and identifydilmeasional objeptherated
by rotations of tvdimesional objects.

9. stem Use the behavior of length and area under dgatenthet ttiircumferenad a circle is proportional to the
radiusnadhearea of a cirégeproportional to the square of the tddntdy the relation between theacts sif
proportionality with an informal argument involving dissection and recomposition of a circle into an approximate
rectangle.

Modeling with Geometry G-MG

1. Understand thabdels of objects and structures can be built from a library of staadangjlehlkipdsof shape can
model seemingly different ijects.

2. Use geometric shapes, their measures and their properties to describe objects (e.g., modeling a tree trunk or a huma
torso or as a cylinder).

3. Apply concepts of density based on arearenth voadeling situati@ng., persons per square mile, BTUs per cubic
foot)'

4. Apply geometric methods to solve design problems (e.g., designing an object or structure to satisfy constraints or min

cost; working with typographic grid systemsbratied)o

! Standard with close connection to modeling
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Glossary

Addition and subtraction within 10, 20, or 100Addition or subtraction of whole numbers with whole number answers,
andwith sum or minuend at most 10, 20, or 100. Example: 8 + 2 = 10 is an additiond/fthi@ 0a slbttaon

within 20, and 8618 = 37 is a subtraction within 100.

Additive inverses Two numbers whose sum is 0 are additive inverses of one anotBlerako®?hplee additive

inverses of one another be¥aus@3/ 4) = 63/ 4) + 3 4= 0.

Box plot. A method of visually displaying a distribution of data values by using the median, quartiles, and extremes of the ¢
set. Abox shows the middle 50% of thé data.

Complex fraction. A fractiodY BwhereAand/orBare fractions.

Congruent. Two planeraolid figures are congruent if one can be obtained from the other by a sequence of rigid motions
(rotations, reflections, and translations).

Counting on. A strategy for finding the number of objects in a group without having to count evergnoemliser of the

example, if a stack of books is known to have 8 books and 3 more books are added to the top, it is not necessary to count
stack all over again; one can find thedotaitmgfop oi nt i ng to the top bwokhaodi sayi
ten, eleven. There are eleven books now. o

Decade word A word referring to a sirdiggt multiple of ten, asvirentythirty forty etc.

Dot plot. A method of visually displaying a distribution of data values where each dats\aldet israhavknabove a

number linédlso known as a line plot.

Dilation . A transformation that moves each point along the ray through the point emanating from a fixed center, and multip
distances from the center by a common scale factor.

Empirical probability model. A probablity model based on a data set for a random process in which the probability of a
particular type or category of outcome equals the percentage of data points included in the category.tdsgathple: If a coin is
10 times ardof the tosses are Heads, then the empirical probability of Heads in the empirical prfliability model is
(equivalently 0.4 or 40%).

Equivalent fractions Two fractior pand? dthat represent the same number.

Expanded form A multidigit number igeessed in expanded form when it is written as a sudigif sinlgiigles of

powers of ten. For example, 643 = 600 + 40 + 3.

First quartile. For a data set with meldjaghe first quartile is the median of the data valueMldSsatingie: Fdne

Independently combined probability models. Two probability models are said to be combined independently if the
probability of each ordered pair in the combinedualsditleegroduct of the original probabilities of the two individual
outcomes ithe ordered pair.

Integer. A number expressible in thedorafor some whole numaer

Interquartile Range. A measure of variation in a set of numerical dataptrélentarge is the distance between the first
and third quartiles of the data set. Example: For the data set {1, 3, 6, 7, 10, 12, 14, 15, 22, 120}, the istEsduartile range

Mean. A measure of center in a set of numerical data, computed by adding the values in a list and then dividing by the nurr
values in the [[Example: For the data set {1, 3, 6, 7, 10, 12, 14126} 2he mean is 21.

Mean absolute deviation A measure of variation in a set of numerical data, computed by adding the distances between eac
data value and the mean, then dividing by the number of data values. Example: For the datd 2et{L,15,877, 1

120}, the mean absolute deviation is 20.

Median. A measure of center in a set of numerical data. The median of a list of values is the value appearing at the center
sorted version of thdilist the mean of the two central védlthes|ist contains an even number of values. Example: For the

data set {2, 3, 6, 7, 10, 12, 14, 15, 22, 90}, the median is 11.

3 Adaptedédm Wisconsin Department of Public Instrattpofdpi.wi.gov/standards/mathglos.htwtessed March 2, 2010.

4 Adapteddm Wisconsin Department of Public Instrojtioih,

5 Many differentathods for computing quartiles are in use. The method defined here is sometimes called the Moore azel Muffatek Bethod. S
Quatiles in Elementary Statiétlosirnal of Statistics Eddohatioe 14, Number 3 (2006),

6 76 be more precises téfines theithmetic mean
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Multiplication and division within 100 . Multiplication or division of whole numbers with whole number answers, and
with produadr dividend at most 100. Example8 29.
Multiplicative inverses. Two numbers whose product is 1 are multiplicative inverses of one anotPeraBstimple:

are multiplicative inverses of one another3eéaise 4/ 33 3/4= 1.

Propertiesof equality. See Table 4 in this Glassary

Properties of inequality. See Tabldrbthis Glossary

Properties of operations Associativity and commutativity of addition and multiplication, distributivity of multiplication over
addition, the additive idgrdroperty of 0, and the multiplicative identity prop&gedfdble 3 in this Glossary

Probability. A number between 0 and 1 used to quantify likelihood for processes that have uncertain outcomes (such as to
a coin, selecting a person atmdnalo a group of people, tossing a ball at a target, testing for a medical condition).

Rational number. A number expressible in thedasmor d & p for some fractiéhp The rational numbers include the

integers.

Related fractions Two fractions asaid to beslatedf one denominator is a factor of the other.

Rigid motion. A transformation of points in space consisting of one or more translations, reflections, and/or rotations. Rigid
motions are here assumed to preserve distances and angle measure

Sample spacedn a probability model for a random process, a list of the individual outcomes that are to be considered.
Scatter plot A graph in the coordinate plane representing a set of bivariate data. For example, the heights and weights of a
group bpeopleould be displayed on a scattér plot.

Similarity transformation. A rigid motion followed by a dilation.

Tape diagramsDrawings that look like a segment of tape, used to illustrate number relationships. Also known as strip
diagrams, bar modelgraphs, fraction strips, or length models.

Teen number A whole number that is greater than or equal to 11 and less than or equal to 19.

Third quartile . For a data set with medjahe third quartile is the median of the data values ght¢dfeathben For

Uniform probability model . A probability model in which the individual outcomes all have the saménpifobability (

there ardlindividual outcomes in the sample space). If a given type of outcomimdimthistsaftcomes, then the

probability of that type of outcoMevi€Example: if a uniform probability model is used to model the process of randomly
lecting a person from a class of 32 students, and if 8 of the stirdemscathdefthe probability of randomly selecting a
lefthanded studen¥is2 (equivalently 4, 0.25 or 25%).

Whole numbers The numbers 0, 1, 2, 3, €.

7 See Ginsburg, Leinwand and Decker|(#0608)ng GradédMhuthematics Standards Development: What Can BeRaséonaéhfydtohtigtong, Korea,
and Singapore&ble Al, p-3, grades 3 and 4.
8 AdapteffomWisconsin Department of Public Instrogtiait,
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TABLEL Comma addition and subtraction situations.

Result Unknown

Change Unknown

Start Unknown

Add to

Two bunnies sat on the grass. 1
more bunnies hopped there. Hg
many bunnies are on the grass

Two bunnies were sitting on the
grass. Some morertes hopped
there. Then there were five bun

Some bunnies were sitting on tk
grass. Three more bunnies hop
there. Then there were five bun

2+3=7 How many bunnies hopped ovel How many bunnies were on the
the first two? grass before?
2+?=5 ?2+3=5
Five apples were on the table. I| Five apples were on the table. || Some apples were oretbie. | ate|
two apples. How many apples § some apples. Then there were { two apples. Then there were th
Take from the table now? apples. How many apples did | | apples. How many apples were
582="? 5872=3 the table before?
?202=3
Total Unknown Addend Unknown Both Addends Unknown'®
Three red apples and two greer| Five apples are on the table. TH Grandma has five flowers. How
apples are on the table. How mj are red and the rest are green. | many can she put in her red va
? ? i ?
PUt Togsther/ apples are on the table® many apples are green? how many in her blue vase~

Take Apart!

3+2=7

3+?=5 63="?

5=0+5,5=5+0
5=1+4,5=4+1
5=2+3,5=3+2

Difference Unknown

Bigger Unknown

Smaller Unknown

Compare?

(0How many mor

Lucy has two apples. Julie has 1
apples. How many more apples
Julie have than Lucy?

(0OHowemanpof ve

Lucy has two apples. Julie has 1
apples. How many fewer apples
does Lucy have than Julie?

2+?=5502="?

(Version with

Julie has three more apples tha
Lucy. Lucy has two apples. Hov
many apples does Julie have?
(Versia wi th oOf ewge
Lucy has 3 fewer apples than J
Lucy has two apples. How man
apples does Julie have?

2+3=?23+2="7

(Version with

Julie has three more apples tha
Lucy. Julie has five apples. Ho
many apples does Lucy have?
(Versiovwi t h of ewer
Lucy has 3 fewer apples than J
Julie has five apples. How man
apples does Lucy have?

563=?,7+3=5

9 Adapted from Box df National Research Council (2009, op. cit., pp. 32, 33).

Y Theseake apaituations can be used to show all the decompositions of a given number. The assoahtbd\ezjthatitots) wh the left of the equal

sign, help children understand that the = sign does not afmekesmesarits ut always does misdhe same number as

1 Ejther addend can be unknown, so there are three variations of titestigmeblBotis Addends Unknown is a productive extension of this basic

situation especially for small nuleéethan or equal@
12For the Bigger Unknown or Smaller Unknown situations, one version directs the correct operatiomg@hievtdrsibiggsingnknown and lesiag
for the smaller unknown). The other versions are more difficult.
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TABLE2. Common multiplication and division sitdations.

Unknown Product

Group Sze Unknown
(0OHow many i isiong

Number of Groups Unknown
(0OHow many gr

336="

33 ?=18and8- 3=7

?36=18and 18 6= "7

Equal Groups

There are 3 bags with 6 plums in
bag. How many plums are there i

Measurement exdfopleeed 3
lengthsf string, each 6 inches lon
How much string will you need
altogether?

If 18 plums are shared equally ini
bags, then how many plums will |
each bag?

Measurement exatopleave 18
inches of string, which you will cu
into 3 equal pieces. How lwil
each piece of string be?

If 18 plums are to be packed 6 to
bag, then how many bags are ne

Measurement exatoplbave 18
inches of string, which you will cu
into pieces that are 6 inches long
How many pieces of string will yc
have?

Arrays*Areat®

There are 3 rows of apples with €
apples in each row. How many aj
are there?

Area exampl@at is the area of a 3
cm by 6 cm rectangle?

If 18 apples are arranged into 3 €
rows, how many apples will be in
row?

Area exampleectagle has area 18
square centimeters. If one side ig
long, how long is a side next to it|

If 18 apples are arranged into eq
rows of 6 apples, how many rows
there be?

Area exampleectangle has area ]
square centimeters. If one side ig
long, how long is a side next to it|

Compare

A blue hat costs $6. A red hat co!
times as much as the blue hat. H
much does the red hat cost?

Measurement exdmplber band is
6 cm long. How long will the rubb
band be when it is stretched3o b
times as long?

A red hat costs $18 and that is 3
as much as a blue hat costs. Hov
much does a blue hat cost?

Measurement examplber band i
stretched to be 18 cm long and tk
3 times as long as it was at first. |
long was the rubbant at first?

A red hat costs $18 and a blue h:
costs $6. How many times as my
does the red hat cost as the blue

Measurement exdmplber band
was 6 cm long at first. Now it is
stretched to be 18 cm long. How
many times as long is the rubaber
now as it was at first?

General

a3 b="7?

a3 ?= pandp- a="?

?3 b= pandp- b=?

BThe first examples in each cell are examples of discrete things. These are easier for students and shoudsergiventosifessph

4The language in the array examples shows the easiest form of aAxdapteblenns.is to use the terms rows and cbhenapgples in the grocery
window are in 3 rows and 6 colurow.many apples are in thigod?forms are valuable.
15 Area involves arrays of squares that have been pushed together so that there are no gaps or overlapsiesthasegspeblatysiimatrtant
measurement situations.
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TABLE3. The laws of arithmetic, including the properties of operations (idéntifledsyitlandcstand for arbitrary
numbers in a given numlisgéeray The laws of arithmetic apply to the rational number system, the real number system, and the
complex number system.

¢Associative law of ac (@+h+c=aHb+¢
dCommutative law of ac atb=b+a
:Additiveléntity property a+0=0+a=a
Existence of additive i Forevenathere existiaso thaa+ (0a) = (6a) + a= 0.
¢Associailaw of multiplica @ bh3c=a (b3 9
:Commutative law of multip a3 b=b3 a
éMultiplicativeeintity property atl=1%a=a
Existence of multiplicative For everg, O there existbaso tha@® I/ = 1/ 4% a=1.
:Distributive law of multiplis a3 (b+g=a3 b+as3c
over additic

TABLE4. The properties of equality. Hdrandcstand foarbitrary numbers in the rational, real, or complesysit@ivey.

Reflexive property of e a=a
Symmetric property of € Ifa=Dhtherb = a.
Transitive property of e Ifa = bandb = ¢thema = c.
Addition property of ec Ifa=hthera+c=b +c.
Subtraction property of € Ifa=hthermdc=bdc.
Multipliation property of eqt Ifa=hthema® c=b3 c.
Division property of ec Ifa=bandc, O, thera- c=b- c.
Substitution property of e If a= b therbmay be substitutedafor
in any expression contaming
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TABLES. The properties of inequality. sjdr@ndcstand for arbitrary numbers in the rational or real number systems.

Exactly one of the foilog is truea< h a=h a>h
Ifa> bandb> cthena> c
Ifa> b therb< a
Ifa> b thenda< dh
Ifa> h thera+ c> b+ c.
Ifa> bandc> 0, thera® ¢> b3 c.
Ifa> bandc< 0, thera® c< b3 c.
Ifa> bandc> 0O, thera- ¢c>b- c.

Ifa> bandc< 0, thera- c< b- c.
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